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Arbitrary 3D Rotation
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 What is its inverse?
 What is its transpose”?

» Can we constructively elucidate this

relationship?
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Rotate +6 about axis a:R,(+8)

0 Y,,?)
+ ;a( Y

Lo y
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First, Rotate about z by +a: R,(+« )

a Now in the
(y-2)-plane
X
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Then Rotate about x by +8: R,(+5)

A Rotate in the
: (y-z)-plane

y
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Now, +6 Rotation about z-axis: R,(+6)
+0 a Now aligned
with z-axis
Z
y
X
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Then rotate about X by -5: R (-f)

Rotate again in
a the (y-z)-plane
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Now, +6 Rotation about Z by —a: R, (-« )
Z

| =y
—Q ) Now to original
position of a

y
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We Effected +8 rotation about
Arbitrary axis a:R_(+68)

VA
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We Effected +6 rotation
Arbitrary axis alR,(+6)

R,(+0) =

(-a) R (~B)
s

X R,(+8) R (+o)=
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Rotation about Arbitrary Axis

* Rotation about a-axis effected by
(nonunique) composition of 5
elementary rotations-

« We show arbitrary rotation as
succession of 5 rotations about
principal axes
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X

In matrix terms, R (+8) =

( Ry () (Ry(-8)
N~ 2
cos( a) —sin(-a) 0 0 || 1 0 0 0
( +6’)— sm( a) cos( a) o o 0 cos(—p) —sin(-p) 0O
0 sin(-=p) cos(-=p5) O
o 0 0 0 1
cosd —sind 0 0 O 1| cose —sine 0 0
sind cosé 0 O 0 COSﬂ —smﬂ O || sihne cose 0 0O
0 0 10 0 sing cosp O O O 10
0 01 0 0 0 1 1

J \

I G0 (RGP 97*/
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Similarly, R,1(+0) = R, (-8), SO

0 0
0 cos(=p) —sin(-p4)
0 sin(—g) cos(-p)
q

‘l
R, (-0)
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cos(—a) —sin(-a)\0
sin(-a) cos(—a)
0 0

Ra(_e) —

O O O

1 0 0
0 cos g —sing
0 sing cosp O
0 O 0

tosa —sina
sina  cosa
0 0
0 0

0 0
0 0

cosg sing 0 0
X —sin@ cosd 0 0O
10
01
\

Recall, [AB]t = B/t@

Consequently, for A= RtM R,

@ because,
[Rt(M R)]t - [I\/IL'R]t [Rt]t
L

= REM'R
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It follows directly that,

t
RISIMSR| =Rtstmtsr
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o -1 .
S RA+0)=RLO)
Y
cos(-a) —sin(-a) 0 0 || 1 0 0 0
R (_9)2 sin(-~a) cos(-a) 0 0 || 0 cos(-=p) —sin(=5) 0
a 0 0 10|l 0 sin(=8) cos(-p) O
0 0 01 0 0 0 1
cosd sing 00|l O 0 0]fcosa —sina 00
% | —sinéd cosd 0 0 0 cosp —sing 0 sinae cosa 0 O
0 0 10 0 sing cosp O 0 0 10
0 0 01 0 0 0 1 0 0 01
\ J
R5(0)
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Similarly, R,1(+0) = R, (-8), SO

cos(—a) —sin(-a) 0 0 || 1 0 0 0
-0 sm( a) cos(-a) 0 0 || O cos(=B) —sin(-5) O
Ra(=0)= 0 10| 0sin-p cos-p) o
O 0 01 0 0 0 1
cosf sing 001 O 0 0[] cosa —sina 0 0
X | —sin@ cos¢ 0 0 0 cosp —sinf 0 || sine cosa 0 O
0 0 10 0 sing cosp O 0 0 10
0 0 O 1 0 0 0 1 0 0 01
\
R, (-0)
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In matrix terms, R,(+8) =
RZ(_a) Rx(_/g)
4 N/ 3
cos(—a) —sin(-a) 0 0 || 1 0 0 0
( +6’) sm( a) cos( a) o 0 || 0 cos(-p) —sin(-p) 0O
Ra oll 0 sin(=pB) cos(-B) O
0 1 0 0 0 1_
cosd —sing 0 0 0 ([ cosa —sine 0 0]
X | siné cos6 0 0 0 COSﬂ —smﬂ O] sihne cose 0 O
0 0 10 0 sing cosp O 0 0 10
0 0 01 0 0 0 1 0 0 0 1]
\ < )
0 Rx(+5) Rz (+a)
+
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Constructively, we have shown,

R5M(0) = R L(0)

_—

This will be useful later
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3D Translation in x

_X-|—d X_

o
P

TX(dX):

o\ O O

L

R N < X
<

ol o —» O

ol O O K
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3D Translation iny
10 0 O01[x] [ x °
O 1 0 d y y+d
— y _ y
Tyldy) 0 01 0]z z
000 1]/1] | 1 |
3D Translation in z
1 0 0 O01[x] [ x ]
( )_O 1 0 Oyl | vV
TZdZ_OOlez_z+dZ
000 1]/1] | 1 |
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Sh X(a) -

o O O B+

Spring 2006

© O +— 2

o r O O

O O O

, N < X

Utah School of Computing

[ x+ay |

3D Shear in x -direction

23

Shy(b) =

o O O -

Spring 2006

o O +—» O

O B O T

O O O

, N < X
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[ X+bz |

3D Shear in x -direction

24
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3D Shears: Clamp a Principal
Plane, shear in other 2 DoFs

VA

X
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Sh X(a) =

o O O -
o O 9
o — O O
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Shy(b) =

o O O B+

Spring 2006

o O +—» O

o r O T

O O O

, N < X

Utah School of Computing

[ X+bz |

3D Shear in x -direction

27

Sh y(C) =

o O O -

Spring 2006

o O —» O

o - O O

R O O O

N < X
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3D Shear Iny -direction

28
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3D Shear in y -direction
(1 0 0 O]f[x| [ x |
d 1 0 0|y dx+y
d = =
Shy(d) 0 0 1 0flz z
O 0 0 1|1 1
1 0 0 O[x] [ x |
|d 1 0 Ofly| |dx+y
Shy(d) = 0 01 ofllz| | z
0 0 0 1)|1| | 1 |
Z Z
y y
X X
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3D Shear iny -direction

1 0 0O O0Of|x X
0 1 c¢c Oy y+CzZ
C)= =
shy(©) 0 0 1 0}|z 7
O 0 0 1|1 1
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3D Shear In z-direction

1 0 O O0Offx X
0 1 0 0Oy|y y
e)= =
shz(€) e 0 1 0|z ex+z
O 0 0 1|1 1
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3D Shear In z
(1 0 0 Ool[x] [ x |
0 1 0 Of|y y
e)= =
Shz(€) e 0 1 0|z ex+z
O 0 0 1|1 1
3D Shear in z
(1 0 0 Ol[x| [ x |
0O 1 0 0f|y y
f - =
shz(1) 0 f 1 0f|z fy+z
O 0 0 1|1 1
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What About Elementary Inverses?

 Scale
e Shear
e Rotation —
 Translation

Spring 2006 Utah School of Computing 35

Scale Inverse
A 0 % o] |1 O
0O 1|0 1 0 1

A 0T [y 0
0 1| |0 1

Spring 2006 Utah School of Computing 36

Computer Graphics CS5600

Spring 09



Utah School of Computing

Shear Inverse

Spring 2006

b 1| |0

Utah School of Computing

37

Shear Inverse

Spring 2006

a_l__l _a
11 |0 1
0" [1 0
1l  |-b 1

Utah School of Computing
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Rotation Inverse
cosd -sin@d||cos(-0) -sin(-0)
sind cosd ||sin(-8d) cos(-0)
~ cosd -sin@||cosd sind
|sin@ cos@||-sin@ cosé

Rotation Inverse
cos@ -sin@d|| cos@d sind B
sind cosé ||-sin® cos@|

(cos@sind—cosdsind)

0

B 1
_s inoosl

(cos’6+sin?6) (cos@sin@—cosdsin6)

(sin®6+cos°6)
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Rotation Inverse

cos@d sind
-sin@ cosd

cosd -sin@|"
sin@ cosé

Spring 2006 Utah School of Computing 41

Translation Inverse
1 d 1 0o —d,
01 0l/lo1 0 |=
0 110 0 1
1 0 (-d+d)] [1 0 0
0 1 0 =0 1 O
0O 0 1 0O 0 1
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Translation Inverse

1 r -

] W -
1 0 dX 1 0 dX
01 0| =01

0O 0 lJ 0 0 1
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Double Shear in X and y
shy®)  shy(@)

r

b 1o 2/

1 a\% o] [arab) a
0 1Mb 1] | b 1}

shx@  shy(®)

Spring 2006 Utah School of Computing 44
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Ex:a=0.5and b=1.0

Shy(®)  shx(@)

{10“1&1_1a
b 1({0 1| |b
o )7l e

AR

0 1||b 1 b
Shx@®  sny®)
Spring 2006 Utah School of Computing 45

ey Lo %

(%D (%D

(0,0) S (1,0) (0,0) :

(11+b)

1/ 3
%22
(0,)- (0,1 --
(1,b)
(0,0) i (0,0)
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Shear in %

0.) ¢

L1) 0y (% 1) (% 1)

(0,0)
Spring 2006

0,0) L

©h 8

‘ J@ay 4 (0,1) ==

(0,0

(%)

(0,0)
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Shears in x and y do not Commute

SN IN X (5=14) » then Sy

(01)

Spring 2006

(0,0) p/

Shiny =y, then
Sh N X 3=y
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Shear in x then Iny
()
0.) T @ (1+a,1)
4 (0,0)
(0,0) 0.0) .
1,0) (1,0)
(a,1—ab)
(11+b) (1+a+ab,1+b)
(011)_ (071) T
(1,b)
_ (1+ab,b)
Spring 200! Utah School of C 49
(0,0) } (0,0) |
Shear iny then In X
oy L@ onl (@Y (1+a,1)
(0,0) . (0.0)
(1,0) ’ ' (L0)
(1 a,1+b+ab)
@1+hb)
(0.0) 0.1) -
(L.b) '}
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(0,0) i (0,0) i
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y then X:

Results Are Different

X then'y:

Utah School of Compuj 51

Spring 2006

Want the RHR to Work

Pxj=K

B i

| xk =1 ¢ a
J K

L N

Kx1=]
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3D Positive Rotations

S+
_|_
+ >, >
Vs
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Stop here

* Pen attention
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Transf’'s as Change in Coordinate Sys

» Useful in many situations

» Use most natural coordination
system locally

 Tie things together in a global

system
Spring 2006 Utah School of Computing 55
Y A
A A
| I W
B - >t %
= = Lt liill >
- 3
- 2 I T N N N [ I | S
| I I N Y T I I | S
1 > X
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Example

Mi j Is the transformation that
takes a point p(J) in coordinate
system j and converts it to a point p(')

in coordinate system i

Example
(i) _ (1)
- pEM ;P
(J)_ (k)
- P _Mj<—k P
¢« Mick=M; _Mj«
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Example

M, ,=T(42)
M, ,=5(22).T(2,3

2

M, =R(45)-T(6.7,18)
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Recall the Following

(AB) ‘=B A
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Since Mi; =M,

j<«i

.« M, =T(4,-2)

11
* M3<—2 =T(-2,-3)«S(%,~

2 2

* M, ,=T(-6.7,-1.8) « R(+45 )
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Y A
A A
“EOEE W
B ~ [ ™
= = Lt liill S
3 L
- 2 I A I N I I S
Ll
I I O Y T I I | S
1 1‘ > X
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Change of Coordinate System

» Describe the old coordinate system
in terms of the new one.

oY :
N\ A 4

> X
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Change of Coordinate System

Move to the new coordinate system and
describe the one old.

4 o
Y 4 3 Oldis a
negative
B rotation of
y the new.
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