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Transformations and Matrices

 Transformations are functions

» Matrices are function
representations

» Matrices represent linear transf’s

* {2x2 Matrices} = {2D Linear Transf's}
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Rocket

C/ (’)3)

2/ \?

(7,0)
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What is a 2D Linear Transf ?

Recall from Linear Algebra:
Def : T(ax+y)=aT(X)+1(y),
for scalar a and vectors X and y.
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Look at a Diagram

0

al (X)+bT (y)
=T (aX)+T(by)
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Scale in X by 2: SZX(V )

Scale in x, by 2, say:

(g(Xp + Xl)’ Yo+ yl) = (Z_XO +2X%, Yo + Y1)
(2%0, Yo ) +(2%, Y1)
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Example:

Scale in X by Szx(v )

What is the graphical view?

Scale in X by 2: SZX(V )

(X4} Y1)—}f (2%, Y1)

(%o, yoﬁ " (2%, o)
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(2 X0+ 2X1, Yo+ yl)

y
(2%, y1)
2 (2x0+2x1, Yo+ V1)
/
v _e==T ) J
____ /
= 7 X
SS < /
~S o \//
(2Xo, Yo)
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(2(x0+ x2): Yo+ Y1)
y

((Xo +x1) Yo+ y1)

(X1, y1) /

2(Xo+ X1 Yo+ Y1)

X

(Xo0: Yo)
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(2(x0+ %), Yo+ V1)

((Xo+ x1) Yo+ y1)

/=

X
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Summary on Scale

 “Scale then add,” is same as
« “Add then scale”

-—
—
—
—
—
-
-
-
-
-
-

Same
results
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Matrix Representation

) m {Zﬁ
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Matrix Representation of Szy(V)

Scale in y by 2: 82 (V)

{ M i

)( 7(

tShImeptg 14
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Matrix Representation S,(v)

Overall Scale by 2: S,(v)

o 2o ol
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Matrix Form of Same

<
{2 0}{x0+x1} { Xy + X }
O 1| Yot+tW Yot Y1
Addx andy then scale
E EFJ |:2XO +2x1}
Yot V1 ] v

Scale x and y, then
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What about Rotation?

Is it linear?
Rotate by &
Y
//'/(O,l)i
|
‘ /
A /
AV 0
N Y X
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Rotate by €. 15t Quadrant

y (cosd,sin )

ﬂ A
/
/ .
/ > sin @
o
a
JL J - >1O X
cos o (L.0)
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Rotate by &. 15t Quadrant

(1,0) = (cosé,sin )
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Rotate by @: 2" Quadrant

L0)

Spring 2009 Utah School of Computing 21

Rotate by ¢: 2"d Quadrant
y
4(0.1)
oo
cosd ¢ |V 7N \@“
~
C A X
Spring 2009 Utah School of Comgt-ir!;l 9 22
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Rotate by @: 2" Quadrant

(0,1) = (-sin@,cosH)

Spring 2009 Utah School of Computing

Summary of Rotation by 4

(1,0) = (cos@,sin H)
(0,1) = (—sin@,cos8)

Spring 2009 Utah School of Computing
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Summary (Column Form)

1 cosd
= .
0 SIin @

~

0 —sin@
p—
1 Cosd

Spring 2009 Utah School of Computing 25

Using Matrix Notation

f
cosd -sina_i_ __cosé’}

sind) \cosd [0 |sind

cosd -sin@|[0] [-sind
sin@ cosé ||1] | cosd

(Note that unit vectors simply copy columns)

Spring 2009 Utah School of Computing 26
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General Rotation by @ Matrix

o~

cosg -sind || x| | xcosé-ysing
sind cosé || y| | xsind+ ycosd

Spring 2009 Utah School of Computing 27

What do the off diagonal
elements do?
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Off Diagonal Elements
1 lal [x] [x+ay
0 1)ly] | v
1 0o [x]| [ x
—|b 1 _y___bx+y
Example 1
1 0] [x
T(X,Vy)=
y (X, y) 0.4 J _y}
(01) @ | X
10.4x+y
S
sgg@npb (k@)oo of computing 2 30
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Example 1

T(X,y)=

X
0.4x+y

> X

(llh@c)ool of Computing 31

Example 1
y wray T(XY)=
| X
0D [
| 7 {OAX + y}
j 1,0.4)
Utah School of Computing > X 32
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Example 2
(1 06
T(X,y)= -
(X, ) 0 1}
y - _
o 0 _ X+0.6y
Y
S
(0,0) (1,0) X
Example 2
X+0.6y
. T(X,Y) { }
y
(0, @D
S
sg%go 009 @ Ogtah School of Computing X
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Example 2

y T(X,y) = {”3'63’}

0.1) (0.6,1), 7 (1.6.1)

T(S)

SLQHQQ))UQ Gféhqzhool of Computing X 35

Summary

Shear in x:

g

Shear iny:

5 [

Spring 2009 Utah School of Computing 36
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Double Shear: not commutative!

'(1) all1 o'q: a

0 1]|b 1_,7 b 1]
s )
1 0|1 1 a

a
b 1][0 1| |[b

Spring 2009 Utah School of Computing 37

Sample Pts: unit pre-images

1 al _—a__ 0
0 1] 1] [1
1 0][ 1] [1]
b 1||-b| [0

Spring 2009 Utah School of Computing 38
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Geometric View of Shear In
X

(-al (0.1) L1)
i L

L 0) (1, 0)

Spring 2009 Utah School of Computing 39

Another Geom View of Shear 1n X
A y A y
AAAAAA //
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Another Geom View of Shear In x

» » » » ny: rs » » »

A'J'A'A'A'J’A’A’A’A’A’A’A'/
..l ..I ..I I!l I!I I!I l’I ..I ..I I!I I!I '!I,'

V70 7V 7 7 2 7y 1 7y 1 1 ) Y
Iy vviyeyyyyyyy

Y 4

YA
/
/

AVAVAAVA A A A A A A A A AL X
rvyvyvrvvrvrvvirvvrvevry
$ 1V nyn e
P 1y
I SplringziJOQ ﬂ ﬂ ll ll %tah!choaofcﬂmpuﬁng ll ll ﬂ 41

Geometric View of Shear iny

(1,-b)
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Another Geom View of Shear iny

yu y;

—

XN

YVVVVY

>

><\!

X
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Another Geom View of Shear iny
yA
— m’—‘_’-
_‘———- _‘-———_-
-‘1——_-‘— =——--
—""_-_m —“_’-
— -
—"‘-. -
— S P >
- - X
- : =
__—-", ’_--'
. - =
- ‘—"'-
o ey = s
— o
p——_ e
-
o
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uLaZy 111
449 e
A A
1 0| 0][x] [x]
0 110(|lyl|=|Y
0 0 1)1 |1
Translation in X
§‘“\{r Arra s
5"1/'),
Qs o _
1 0| (d,|]| x X+d,
1/101Vy|= y
_O 011 1) | 1
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Translation in y

1 0 0]x X
0 1 d,||y|=|y+d,
O 0 1|1 1

b( ’ g@ A(
Spring2009 E Utah School of Computi g 47

Homogeneous Coordinates

1 0 O} X X
0 1 Oflyl|=|Y
00 1j1] |1

Spring 2009 Utah School of Computing 48
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Homogeneous Coordinates

Ay|=ly| © D] , for =0

Spring 2009 Utah School of Computing 49

Homogeneous Coordinates
For A =0,

0O O || X X AX
AX
0 O |ly|=|lY |=|AY |
Ay

00 X1 [/l 1

Homogeneous term affects overall scaling

Spring 2009 Utah School of Computing 50
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Homogeneous Coordinates

An infinite number of points correspond to (x,y,1).

They constitute the whole line (tx,ty,t).

W / (tX,ty,t)

@’1) w=1
y

Spring 2009 Utah School of Computing 51

0”
K

What does a shear do?

W (tx, ty,t) (tx,ty’,t)

(W /<M’,1)M=1

S~
o0 e
e et
O
: y

Translation in w=1

X

Spring 2009 Utah School of Computing 52
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Using Homogeneous Coord’s

e Shear in 3D
« Effects translation in 2D

« We have used a linear
transformation (shear) in 3D to
effect a nonlinear transformation
(translation) in 2D

Spring 2009 Utah School of Computing 53

Translation by d: T(X) = X+d

T@M+V) = (G+V)+d

TW@E)+TV) = (G+d)+((V+d)
= G+vV+2d

= T@+V)+d
TU+V) = T@W@)+T(V)

Spring 2009 Utah School of Computing 54
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Lots Going On Here!

We've got Affine
Transformations:

Linear + Translation

Spring 2009 Utah School of Computing 55

Compound Transformations

e Build up compound transformations
by concatenating elementary ones
» Use for complicated motion

« Use for complicated modeling
W T, [ 5}
<

Spring 2009 Utah School of Computing 56
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Elementary Transformations

* Scale: S, (V). Szy(V)/ +
. Rotate:  Ra(V), Rg(v)*
Ootale 6 ey L

* Translate: de(V)’ Tdy(V) v
* Shear: Sh; (), Sh /Iy(V) _

 Reflect: Rf,(V), Rfy(V) =

Spring 2009 Utah School of Computing 57

Refection about y-axis

-1 0][1] [-T
0 1]|0] |0
X & —X

Spring 2009 Utah School of Computing 58
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Reflection about y-axis
y

N

(=X YIN<t===7 (X,Y)
\ /

\ /
A4

< L™ >
(-1,0) << | 1(1,0)

Spring 2009 Utah School of Computing 59

X

Reflection about x-axis

1 0[o] [0~
0 -1||1]| |1
y<-y

Spring 2009 Utah School of Computing 60
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Reflection about X-axis

Spring 2009 Utah School of Computing 61

Is Reflection “Elementary”?

o Can we effect reflection in an
elementary way?

* (More elementary means
scale, shear, rotation,
translation.)

Spring 2009 Utah School of Computing 82
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Reflection = Scale (-1)

Ex: Advance clock hands

Spring 2009

Utah School of Computing 64
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Ex: Advance clock hands: 30mins

y

What to do?

Spring 2009 Utah School of Computing 65

Ex: Advance clock hands: 30mins

y

Rotate hr hand by ?
Rotate min hand by -180

Spring 2009 Utah School of Computing 66
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Ex: Advance clock hands: 30mins

y

Rotate hr hand by -15
Rotate min hand by -180

Spring 2009 Utah School of Computing 67

Ex: Advance clock hands: 30mins

y

Rotate hr hand by -15
Rotate min hand by -180

Spring 2009 Utah School of Computing 68
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Ex: Advance clock hands: 30mins

y

Rotate hr hand by -15
Rotate min hand by -180

Spring 2009 Utah School of Computing 69

Ex: Advance clock hands: 30mins
o 7 W [o' 0 :’;]
Yy ; oo |
Rotate hr hand by -15 ,(- r: /)
Rotate min hand by -180
X
Spring 2000 Utah School of Computing 70
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Ex: Advance clock hands: 30mins

y

Spring 2009

Utah School of Computing

71

Ex: Advance clock hands

a

~

»

Spring 2009

Utah School of Computing
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Ex: Advance clock hands

7~

Spring 20(‘ Utah School of Computing 73

v
>

Ex: Advance clock hands

Spring 2000 Utah School of Computing 74
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Ex: Advance clock hands

=
7
N S
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Ex: Advance clock hands

L x

Spring 2009 Utah School of Computing 76
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Clock Transformations

e Translate to Origin-

e Move hand with rotation -~
-Mﬁyg hand back to clock
e Do other hand

Spring 2009 Utah School of Computing 77

Clock Transformations

-
Ts=T(a,b) R(t) T(-a,~b)= T’

Tp=T(a,b) R(12t) T (-a,~b)

where t=_-15°

Spring 2009 Utah School of Computing 78
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Clock Transformations

1 0 ajjcos(t) —sin(t) O] |1 0 -af|X

0 1 bjfsint) cost) 0|0 1 -b||y

0 0 1 0 0 1110 0 1|1
Translate Back Rotate About Origin Translate to Origin

X!

=y

1

Spring 2009 Utah School of Computing 79

Woae ld
@)

1 :}fL
Spring 2009
L P

/\vgoé,fgg.Rocket Revisited
NP

§0 / (g0

r1,2)

fQ,o)

4 CJ/L‘)’ (9, “)
h

1 1>

_ (ol b) (DI 0)

})04\/ =1 O

/Lp§¢ = T\F h= L |
Cx 3= 7‘1.7) r/Zf71L9

Coer ?‘”\—"
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Map: [a,b] = [0,1]

—
| | ‘m | 1
1 | , L1 1
'3
a b Joi 1
oy 1
\lqb“
Spring 2009 Utah School of Computing 81

Map: [a,b] = [0,1]

» Translate to Origin
la,b] > [a-a,b-a]=[0,b-a]

 Map X to translated interval
X—> X—ad

Spring 2009 Utah School of Computing 82

Spring 2009
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Map:[a,b] = [0,1]

1 o o/l 0 -a (X [x—a)
b—a b—a
0 1 ol|0 1 o]y y
0 0O 1 0 0 111 1

\ J \ )

Y i Y
1 oG
Sx b—aj ’ T y(-2)

—
Utah School of Computing 83

Spring 2009

Map:[a,b] = [0,1]

 Normalize the interval

1
0,b- —-a,b—a|=[01
0.0-a]-> ——[a-a,b-a]-[01]
* Map X to normalized interval
X—a
X—> ——
b—a

Spring 2009 Utah School of Computing 84
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Just Look at Y™

G =y

Jl 0 1110 1JL1J_ 1 D
W/

C L
Y

S pla)  TXCD

This is a homogeneous form for 1D

Spring 2009 Utah School of Computing

85

Map: [a,b] = [-1,1]

Spring 2009 Utah School of Computing 86
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Map: [a,b] = [-1,1]

» Translate center of interval to origin

|: :|
X X
2

* Normalize interval to [-1,1]
[ a+b} 2 [ a+b}
X — - X —
2 b—a 2

Spring 2009 Utah School of Computing 87

Map: [a,b] = [c,d]

 First map [a,b] to [0,1]
—(We already did this)

 Then map [0,1] to [c,d]

Spring 2009 Utah School of Computing 88
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Map: [0,1]

= [c,d ]

e Scale [0,1] by [c,d]

* Then translate by C

Spring 2009 Utah School of Computing

e That is, in 1D homogeneous form:

L e

89

All Together: Map:

a,b] = [c,d]

RN

g

LI

N

Spring 2009 Utah School of Computing

90
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Now Map Rectangles
(U max’Vmax)
(Xmax’ ymax)
""" . (u min ’Vmin)
(Xmi;’ ymin)

Transformation in x and y

1 O umin ﬂvx 0 O 1 O _Xmin
01 v.[|0 A, 0/[0 1 -y
0 0 1 0O 0 1(/0 O 1 1

- T

Umnex ~ Ui Vimax ~ Vi
Where, ﬂ‘ — max min ’ — max min
" Xmax B Xmin Zy ;

Spring 2009 Utah School of Computing 92
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This is Viewport Transformation

» Good for mapping objects from one

coordinate system to another

e This is what we do with windows

and viewports

Spring 2009 Utah School of Computing 93

Space Example

Spring 2009 Utah School of Computing 94
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: V) ) xC

@l
15‘)% " ﬁu 43 BC €D DA
P57 Y0 5 g B

B
Y4
€

D
Eh

s, 8¢
- AP
s

Spring 2009 Utah School of Computing 95

Spring 2009 Utah School of Computing 96

Computer Graphics CS5600 48



Utah School of Computing Spring 2009

Y Ut Sguerc
A J—
fg{: 2) E(%‘" )
1/
\ 1
{
5 3 = >k
4
Spring 2009 Utah(School of C(ﬂ]puting 97
\/ (/,A .rJ_ SJ b S —
7\ N
’\?5}/‘4 55 ) (X= ;))
- X<
H 7
= -—>
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¢ Sel(2)

Spring 2009 Utah School of Compqqting 99
-
/\ 5(‘ A éé)
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3D Transformations
cscale Sy (4), §(4), §,(2) 7
- Rotate R, (6), Ry(ﬁ), R, (9)
+ Translate T x(d), T y(d), T z(d)
- shear  Sh (d), Sh (d), sh,(d)

Spring 2009 Utah School of Computing 101

SXM):I

e oot

Spring 2009 Utah School of Computing 102

3D Scale In x

ooo&
ollmr O o

CIO o OI
#

404«-0},(9&_%

ol — O
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3D Scale In x
‘A2 0 0 Ol[x] [Ax]
101 0 Ojjy| |V
°XxTlo 0 1 ollz| |z
O 0 O 1|1 1
3D Scaleiny
(1 0 0 Ol[x] [ x]
0 A 0 Of|y Ay
ﬂ« - =
syW) 0 0 1 0|z 7
O 0 0 1|1 1
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3D Scale inz

1 0 0 O0f|x X
0O 1 0 O0Of|y y
/1 - —
SzM=10 0 4 ollz7| 2
0 0 0 1(/1 1
Overall 3D Scale
Vigk
(10 0 0 [x] [ x A><»
Ve
ONI™0 0 ||y y
S(1) = -
D=l o\ ol 7 |V
0 0 0 (1]l |
},or
Spring 2009 Utah School of Computing };&S’] 106
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Overall 3D Scale

AX

Ay

Az
1

Same in X,Y and Z:

AX

Az

Spring 2009 Utah School of Computing

Stop Here.

Spring 2009 Utah School of Computing
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Positive Rotation in 3D ?

e Sitat+ 00 end of given axis
e Look at Origin

e CC Rotation is in Positive direction

Spring 2009 Utah School of Computing 168

3D Positive Rotations

S+

_I_
+ >, >
\A

X

ﬁ;ﬁ% Utah School of Computing 110
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3D Rotation about z-axis by 0

We have already done this:

sin@ cosd| 0 Oy

9) =
RZO=—07 1 oll2
0 0 0 1|1

Spring 2009 Utah School of Computing 111

3D Rotation about x-axis by &
Z

Vs 4
// \\\
,’/(0,0,l)A =<
4
/
4

® /
. /
ol 7 0
\\*/ l y
Spring 2009 Utah School of Computing (O ’1’ O) 112
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3D Rotation about x-axis by

Rx(‘g) —

Spring 2009

+
ot

1 0

0 0

0 O

0| cos@ -sing| O
0|sind cos@| O

k, N < X

0 1

Utah School of Computing 113

3D Rotation about y-axis by @

4
3(0,0.3)

Spring 2009

~
~
S sy syl
Stah fpl of Computing
~
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3D Rotation about y-axis by &

[ cos® 0 sind O] x|
0 1 0 olly
9) =
Ry() —sin® 0 cos® 0|z
0 0 0 1111

Spring 2009 Utah School of Computing 115

Elementary Transformations

« Scale: S1,(v) S5, (V)
* Rotate: Rex(v)’ RHy(V)
» Translate: T, (v), Ta, (V)
e Shear: sh, (v), Shgy(V)

* Reflect: Rf,(V), Rfy(V)

Spring 2009 Utah School of Computing 116
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The End

Transformations |
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