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Context-free Languages

A context-free language (CFL) is a language accepted by a push-down
automaton (PDA). Alternatively, a context-free language is one that
has a context-free grammar (CFG) describing it. This chapter is mainly
about context-free grammars, although a brief introduction to push-
down automata is also provided. The next chapter will treat push-down
automata in greater detail, and also describe algorithms to convert
PDAs to CFGs and vice versa. The theory behind CFGs and PDAs
has been directly responsible for the design of parsers for computer
languages, where parsers are tools to analyze the syntactic structure
of computer programs and assign them meanings (e.g., by generating
equivalent machine language instructions).

A CFG is a structure (N, X, P, S) where N is a set of symbols known
as non-terminals, X' is a set of symbols known as terminals, S € N is
called the start symbol, and P is a finite set of production rules. Each
production rule is of the form

L—>R1R2 Rn,

where L € N is a non-terminal and each R; belongs to N U X.. We
will now present several context-free grammars through examples, and
then proceed to examine their properties.

Consider the CFG G; = ({S},{0}, P, S) where P is the set of rules

shown below:

Grammar G7:
S -> 0.

A CFG is machinery to produce strings according to production rules.
We start with the start symbol, find a rule whose left-hand side matches
the start symbol, and derive the right-hand side. We then repeat the
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218 13 Context-free Languages

process if the right-hand side contains a non-terminal. Using grammar
(G1, we can produce only one string starting from S, namely 0, and so
the derivation stops. Now consider a grammar (G5 obtained from G by
adding one extra production rule:

Grammar Gs:
S ->0
S ->1 8.

Using Go, an infinite number of strings can be derived as follows:

1. Start with S, calling it a sentential form.

2. Take the current sentential form and for one of the non-terminals
N present in it, find a production rule of the form N — Ry ... R,
and replace N with Ry...R,,. In our example, S -> 0 matches
S, resulting in sentential form 0. Since there are no non-terminals
left, this sentential form is called a sentence. Each such sentence is
a member of the language of the CFG - in symbols, 0 € L(G2).
The step of going from one sentential form to the next is called a
derivation step. A sequence of such steps is a derivation sequence.

3. Another derivation sequence using Gs is

S=15= 115 = 110.

To sum up, given a CFG G with start symbol S, S is a sen-
tential form. If S155...5;...5,, is a sentential form and there is a
rule in the production set of the form S; — Ry Re ...R,, then
S155... Ri Ry ...R,, ...S,, is a sentential form. We write

As usual, we use =* to denote a multi-step derivation.

Given a CFG G and one of the sentences in its language, w, a parse
tree for w with respect to G is a tree with frontier w, and each interior
node corresponding to one derivation step. The parse tree for string
110 with respect to CFG G2 appears in Figure 13.1(a).

13.1 The Language of a CFG

The language of a CFG G, L(G), is the set of all sentences that can be
derived starting from S. In symbols, for a CFG G,

LG)={w | S="w AN we X"}

According to this definition, for a CFG G5, with the only production
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Fig. 13.1. (a) The parse tree for string 110 with respect to CFG G3; (b) and
(c) are parse trees for 110 with respect to Gy.

Grammar G3:
S — S.

we have £(G3) = (). The same is true of a CFG all of whose productions
contain a non-terminal on the RHS, since, then, we can never get rid
of all non-terminals from any sentential form.

A derivation sequence, in which the leftmost non-terminal is selected
for replacement in each derivation step, is known as a leftmost deriva-
tion. A rightmost derivation can be similarly defined. Specific deriva-
tion sequences such as the leftmost and rightmost derivation sequences
are important in compiler construction. We will employ leftmost and
rightmost derivation sequences for pinning down the exact derivation
sequence of interest in a specific discussion. This, in turn, decides the
shape of the parse tree. To make this clear, consider a CFG G4 with
three productions

Grammar Gy:
S—S8S|1]0.

The above notation is a compact way of writing three distinct elemen-
tary productions S — S5, 5 — 1, and S — 0. A string 110 can now be
derived in two ways:

e Through the leftmost derivation § = SS = 15 = 155 = 115 =
110 (Figure 13.1(b)), or

e Through the rightmost derivation S = 55 = S0 = SS0 = S10 =
110 (Figure 13.1(c)).

Notice the connection between these derivation sequences and the parse
trees.
Now consider grammar G5 with production rules
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Grammar Gs:
S — aSbS | bSaS | e.

The terminals are {a,b}. What CFL does this CFG describe? It is easy
to see that in each replacement step, an S is replaced with either € or
a string containing an a and a b; and hence, all strings that can be
generated from G5 have the same number of a’s and b’s. Can all strings
that contain equal a’s and b’s be generated using G5? We visit this
(much deeper) question in the next section. If you try to experimentally
check this conjecture out, you will find that no matter what string of
a’s and b’s you try, you can find a derivation for it using G5 so long as
the string has an equal number of a’s and b’s.

Note: We employ €, e, and epsilon interchangeably, often for
the ease of type-setting. O

13.2 Consistency, Completeness, and Redundancy

Consider the following CFG Gg which has one extra production rule
compared to Gs:

Grammar Gg:
S — aSbS | bSaS | SS | e.

As with grammar G5, all strings generated by Gg also have an equal
number of a’s and b’s. If we identify this property as consistency, then
we find that grammars G5 and Gg satisfy consistency. What about
completeness? In other words, will all such strings be derived? Does it
appear that the production S — S§ is essential to achieve complete-
ness? It turns out that it is not - we can prove that G5 is complete,
thus showing that the production S — SS of Gg is redundant.

How do we, in general, prove grammars to be complete? The general
problem is undecidable,! as we shall show in Chapter 17. However,
for particular grammars and particular completeness criteria, we can
establish completeness, as we demonstrate below.

Proof of completeness:

The proof of completeness typically proceeds by induction. We have to
decide between arithmetic or complete induction; in this case, it turns
out that complete induction works better. Using complete induction,
we write the inductive hypothesis as follows:

! The undecidability theorem that we shall later show is that for an arbitrary
grammar G, it is not possible to establish whether L(G) is equal to X*.
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Fig. 13.2. A string that does not cause zero-crossings. The numbers below
the string indicate the running difference between the number of a’s and the
number of b’s at any point along the string

Fig. 13.3. A string that causes zero-crossings

Suppose G5 generates all strings less than n in length having an
equal number of a’s and b’s.

Consider now a string of length n 4 2 — the next longer string that has
an equal number of a’s and b’s. We can now draw a graph showing the
running difference between the number of a’s and the number of b’s,
as in Figure 13.2 and Figure 13.3. This plot of the running difference
between #a and #b is either fully above the x-axis, fully below, or has
zero-crossings. In other words, it can have many “hills” and “valleys.”
Let us perform a case analysis:

1. The graph has no zero-crossings. There are further cases:
a) it begins with an a and ends with a b, as in Figure 13.2.
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b) it begins with a b and ends with an a (this case is symmetric
and hence will not be explicitly argued).

2. It has zero-crossings, as in Figure 13.3. Again, we consider only
one case, namely the one where the first zero-crossing from the left
occurs after the curve has grown in the positive direction (i.e., after
more a’s occur initially than b’s).

Let us consider case la. By induction hypothesis, the shorter string
in the middle can be generated via S. Now, the entire string can be
generated as shown in Figure 13.2 using production S -> aSbS, with
a matching the first a, the first S matching ‘the shorter string in the
middle,” the b matching the last b in the string, and the second S going
to €. Case 1b may be similarly argued. If there is a zero-crossing, then
we attack the induction as illustrated in Figure 13.3, where we split
the string into the portion before its last zero-crossing and the portion
after its last zero-crossing. These two portions can, by induction, be
generated from G5, with the first portion generated as aSb and the
second portion generated as an S, as in Figure 13.3. L.

Illustration 13.2.1 Consider
Lympngr = {a™0"* | m,n,k > 0and ((m =n) or (n =k))}

Develop a context-free grammar for this language. Prove the grammar

for consistency and completeness.

Solution: The grammar is given below. We achieve “equal number of
a’s and b’s” by growing “inside out,” as captured by the rule M -> a M
b. We achieve zero or more c’s by the rule C => ¢ C or e. Most CFGs
get designed through the use of such “idioms.”

S->MC | AN
M->aMb| e
N->bNcle
C->cCle

A->ald| e

Consistency: No string generated by S must violate the rules of being
in language L mynqx. Therefore, if M generates matched a’s and b’s, and
C generates only c’s, consistency is guaranteed. The other case of A and
N is very similar.

Notice that from the production of M, we can see that it generates
matched a’s and b’s in the e case. Assume by induction hypothesis
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that in the M occurring on the right-hand side of the rule, M => a M b,
respects consistency. Then the M of the left-hand side of this rule has
an extra a in front and an extra b in the back. Hence, it too respects
consistency.
Completeness: We need to show that any string of the form a or
ab™c™ can be generated by this grammar. We will consider all strings
of the kind a™b™¢* and develop a proof for them. The proof for the case
of a*b™c™ is quite similar and hence is not presented.

We resort to arithmetic induction for this problem. Assume, by in-
duction hypothesis that the particular 2n + k-long string a™b"cF was
derived as follows:

nbnck

S=MC.

M =* a™b" through a derivation sequence that we call S1, and

C =* ¢* through derivation sequence S2.

S=MC=*a"" C="a"b" c*. Notice that in this derivation
sequence, the first =* derivation sequence is what we call S1 and
the second =* derivation sequence is what we call S2.

Now, consider the next legal longer string. It can be either oo 1k
or a™b"c**1. Consider the goal of deriving a™*'6"*+1ck. This can be
achieved as follows:

e S=MC=aMbDbC.

e Now, invoking the S1 sequence, we get =* a a"b" b C.

e Now, invoking the S2 sequence, we get =* a a™b" b ¢*; and hence,
we can derive a™t1pnt1ck,

Now, a™b™c**1 can be derived as follows:

e S=MC=Mc C
e Now, invoking the S1 derivation sequence, we get =* a™b" c C.

e Finally, invoking the S2 derivation sequence, we get =* a”b" c¢F+1.
nbnck

Hence, we can derive any string that is longer than a , and so by

induction we can derive all legal strings.

13.2.1 More consistency proofs

In case of grammars G5 and Gg, writing a consistency proof was rather
easy: we simply observed that all productions introduce equal a’s and
b’s in each derivation step. Sometimes, such “obvious” proofs are not
possible. Consider the following grammar Gg:

S->(WS | e
W-=>(WW ).
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It turns out that grammar Gg generates the language of the set of all
well-parenthesized strings, even though three of the four productions
appear to introduce unbalanced parentheses. Let us first formally define
what it means to be well-parenthesized (see also Exercise 12.10), and
then show that Gg satisfies this criterion.

Well-parenthesized strings

A string x is well-parenthesized if:

1. The number of ( and ) in z is the same.
2. In any prefix of x, the number of ( is greater than or equal to the
number of ).

With this definition in place, we now show that Gg generates only
consistent strings. We provide a proof outline:

1. Conjecture about S: same number of ( and ). Let us establish this
via induction.
a) Epsilon (e) satisfies this.
b) How about ( W S 7
c) OK, we need to “conquer” W.
i. Conjecture about W: it generates strings that have one more
) than (.
ii. This is true for both arms of W.
iii. Hence, the conjecture about W is true.
d) Hence, the conjecture about S is true.
e) Need to verify one more step: In any prefix, is the number of (
more than the number of )7
f) Need conjecture about W: In any prefix of a string generated
by W, number of ) at most one more than the number of (.
Induct on the W production and prove it. Then S indeed satisfies
consistency. 0.

13.2.2 Fixed-points again!

The language generated by a CFG was explained through the notion
of a derivation sequence. Can this language also be obtained through
fixed-points? The answer is ‘yes’ as we now show.

Consider recasting the grammar G5 as a language equation (call the
language L(S5)):

L(S5) = {a} L(S5) {b} L(S5) U {b} L(S5) {a} L(S5) U {e}.
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Here, juxtaposition denotes language concatenation. What solutions
to this language equation exist? In other words, find languages to plug
in place of L(S5) such that the right-hand side language becomes equal
to the left-hand side language. We can solve such language equations
using the fixed-point theory introduced in Chapter 7. In particular, one
can obtain the least fixed-point by iterating from “bottom” which, in
our context, is the empty language (). The least fized-point is also the
language computed by taking the derivation sequence perspective.

To illustrate this connection between fixed-points and derivation
sequences more vividly, consider a language equation obtained from
CFG GG:

L(Se) = {a}L(S6){b}L(Ss) U {b}L(Se){a}L(Se) U {b}L(Se)L(Ss) U {e}

It is easy to verify that this equation admits two solutions, one of which
is the desired language of equal a’s and b’s, and the other language
is a completely uninteresting one (see Exercise 13.5). The language
equation for L(S5) does not have multiple solutions. It is interesting to
note that the reason why L(Ss) admits multiple solutions is because of
the redundant rule in it. To sum up:

e Language equations can have multiple fixed-points.

e The least fixed-point of a language equation obtained from a
CFG also corresponds to the language generated by the derivation
method.

These observations help sharpen our intuitions about least fixed-points.
The notion of least fixed-points is central to programming because pro-
grams also execute through “derivation steps” similar to those em-
ployed by CFGs. Least fixed-points start with “nothing” and help at-
tain the least (most irredundant) solution. As discussed in [20] and
also in Chapter 22, in Computational Tree Logic (CTL), both the least
fixed-point and the greatest fixed-point play significant and meaningful
roles.

13.3 Ambiguous Grammars

As we saw in Figures 13.1(b) and 13.1(c), even for one string such as
1110, it is possible to have two distinct parse trees. In a compiler, the
existence of two distinct parse trees can lead to the compiler producing
two different codes - or can ascribe two different meanings - to the same
sentence. This is highly undesirable in most settings. For example, if we
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Fig. 13.4. Parse tree for 4 + 5 % 6 with respect to Gs.

have an arithmetic expression 4 + 5 * 6, we want it parsed as 4 + (5 % 6)
and not as (4 4+ 5) x 6. If we write the expression grammar as Gz,

Grammar G7:
E—FE+E | ExE | number,

then both these parses (and their corresponding parse trees) would be
possible, in effect providing an ambiguous interpretation to expressions
such as 4 4+ 5 % 6. It is necessary to disambiguate the grammar, for
example by rewriting the simple expression grammar above to grammar
GGg. One such disambiguated grammar is the following:

Grammar Gg:
E—-FE+T | T
T—-TxF | F
F — number | (E).

In the rewritten grammar, for any expression containing + and *, the
parse trees will situate * deeper in the tree (closer to the frontier) than
+, thus, in effect, forcing the evaluation of * first, as illustrated in
Figure 13.4.

13.3.1 If-then-else ambiguity
An important practical example of ambiguity arises in the context of
grammars pertaining to if statements, as illustrated below:

STMT -> if EXPR then STMT
| if EXPR then STMT else STMT
| OTHER

OTHER -> p
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EXPR -> q

The reason for ambiguity is that the else clause can match either of the
then clauses. Compiler writers avoid the above if-then-else ambiguity
by modifying the above grammar in such a way that the else matches
with the closest unmatched then. One example of such a rewritten
grammar is the following:

STMT -> MATCHED | UNMATCHED
MATCHED -> if EXPR then MATCHED else MATCHED | OTHER

UNMATCHED -> if EXPR then STMT
| if EXPR then MATCHED else UNMATCHED

OTHER -> p

EXPR -> g
This forces the else to go with the closest previous unmatched then.

13.3.2 Ambiguity, inherent ambiguity

In general, it is impossible to algorithmically decide whether a given
CFG is ambiguous (see Chapter 17 and Exercise 17.2 that comes with
hints). In practice, this means that there cannot exist an algorithm
that can determine whether a given CFG is ambiguous. To make things
worse, there are inherently ambiguous languages — languages for which
every CFG is ambiguous. If the language that one is dealing with is
inherently ambiguous, it is not possible to eliminate ambiguity in all
cases, such as we did by rewriting grammar G7 to grammar Gs.

Notice that the terminology is not inherently ambiguous gram-
mar but inherently ambiguous language - what we are saying is
every grammar is ambiguous for certain CFLs.

An example of an inherently ambiguous language is
{0°172% | i,j k>0 AN i=j V j=k}

The intuition is that every grammar for this language must have pro-
ductions geared towards matching Os against 1s and 1s against 2s. In
this case, given a string of the form 0%1%2% either of these options can
be exercised. A formal proof may be found in advanced papers in this
area, such as [82].
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13.4 A Taxonomy of Formal Languages and Machines

Machines Languages Nature of grammar

DFA/NFA Regular Left-linear or Right-linear

productions
Deterministic Each LHS has one non-terminal
DPDA CFL The productions are deterministic
NPDA Each LHS has only
(or “PDA”) CFL one non-terminal
Context Sensitive | LHS may have length > 1, but
LBA Languages | LHS| < |RHS]|, ignoring ¢ productions
Recursively General grammars
DTM/NDTM Enumerable ([LHS| > |RHS]| allowed)

Fig. 13.5. The Chomsky hierarchy and allied notions

We now summarize the formal machines, as well as languages, stud-
ied in this book in the table given in Figure 13.5. This is known as the
Chomsky hierarchy of formal languages. For each machine, we describe
the nature of its languages, and indicate the nature of the grammar
used to describe the languages. It is interesting that simply by vary-
ing the nature of production rules, we can obtain all members of the
Chomsky hierarchy. This single table, in a sense, summarizes some of
the main achievements of over 50 years of research in computability,
machines, automata, and grammars. Here is a summary of the salient
points made in this table, listed against each of the language classes:?

Regular languages:

DFAs and NFAs serve as machines that recognize regular languages.
Context-free grammars written with only left-linear or only right-linear
productions can generate or recognize regular languages. The linearity

2 We prefer to highlight the language classes as they constitute the more abstract
concept, while machines and grammars are two different syntactic devices that
denote languages.
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of the production rules means that there is only one non-terminal al-
lowed on the RHS of each production, which appears leftmost or right-
most. Hence, these non-terminals can be regarded as states of an NFA,
as discussed in Section 13.6.

Deterministic context-free languages (DCFL):

Push-down automata are machines that recognize DCFLs, as illus-
trated in Illustration 13.4.2. In effect, they can parse sentences in the
language without backtracking (deterministically). As for grammars,
the fact that each context-free production specifies the expansion of
one and only one non-terminal on the left-hand side means that this
expansion is good wherever the non-terminal appears—i.e., regardless
of the context (hence “context-free”). The grammars are deterministic,
as illustrated in Illustration 13.4.2.

Context-free languages (CFL):

These are more general than DCFLs, as the constraint of determinism
is removed in the underlying machines and grammars.

Context-sensitive languages (CSL):

CSLs can be recognized by linear bounded automata which are described
in Section 15.2.3. Basically, they are restricted Turing machines which
can write only on that portion of the input tape on which the input
was originally laid out. In particular, given any LBA M and a string
w, it can be conclusively answered as to whether M accepts w or not.
This is impossible with a Turing machine.

As for grammars, CSLs are recognized by productions in which the
length of a left-hand side is allowed to be more than 1. Such a context-
sensitive production specifies a pattern on the LHS, and a sentential
form on the RHS. In a sense, we can have a rule of the form a A d
-> a a ¢ d and another of the form a A e -> a ¢ a d. Notice that
A’s expansion when surrounded by a and d can be different from when
surrounded by a and e, thus building in context sensitivity to the in-
terpretation of A. The length of the RHS is required to be no less than
that of the LHS (except in the & case) to ensure decidability in some
cases.

Recursively enumerable or Turing recognizable (RE or TR) languages:

These form the most general language class in the Chomsky hierarchy.
Notice that Turing machines as well as unrestricted productions, form
the machines and grammars for this language class.
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CFGs and CFLs are fundamental to computer science because they
help describe the structure underlying programming languages. The
basic “signature” of a CFL is “nested brackets:” for example, nesting
occurs in expressions and in very many statically scoped structures
in computer programs. In contrast, the basic signature of regular lan-
guages is “iteration (looping) according to some ultimate periodicity.”

Illustration 13.4.1 Let us argue that the programming language C
is not regular. Let there be a DFA for C with n states. Now consider
the C program

Cnop = {main(){"}" | n>0}.

Clearly, the DFA for C will loop in the part described by main(){",
and by pumping this region wherever the loop might fall, we will obtain
a malformed C program. Some of the pumps could, for instance, result
in the C program maiaiain(){..., while some others result in strings

of the form main{{{}}, etc.
Using a CFG, we can describe Cyop using production rules, as follows:

L_C_nop -> main Paren Braces
Paren -> ()
Braces -> epsilon | { Braces }.

13.4.1 Non-closure of CFLs under complementation

It may come as a surprise that most programming languages are not
context-free! For instance, in C, we can declare function prototypes that
can introduce an arbitrary number of arguments. Later, when the func-
tion is defined, the same arguments must appear in the same order. The
structure in such “define/use” structures can be captured by the lan-
guage

Ly = {ww | we{0,1}"}.

As we shall sketch in Section 13.8 (Illustration 13.8.1), this language
is not context-free. It is a context-sensitive language which can be ac-
cepted by a linear bounded automaton (LBA). Basically, an LBA has a
tape, and can sweep across the tape as many times as it wants, writing
“marking bits” to compare across arbitrary reaches of the region of the
tape where the original input was presented. This mechanism can easily
spot a w and a later w appearing on the tape. The use of symbol tables
in compilers essentially gives it the power of LBAs, making compilers
able to handle C prototype definitions.
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While L., is not context-free, its complement, L., is indeed a
CFL. This means that CFLs are not closed under complemen-
tation!

L is generated by the following grammar Ggg:

Grammar Ggg:
S->AB | BA|AIB
A ->CAC | O
B->CBC | 1
c->01 1

Illustration 13.4.2 For each language below, write

e R if the language is regular,

e DCFL if the language is deterministic context-free (can be recog-
nized by a DPDA),

e C'FL if it can be recognized by a PDA but not a DPDA,

e [ A if the language is C'F'L but is inherently ambiguous, and

e N if not a CFL.

Also provide a one-sentence justification for your answer. Note: In some
cases, the language is described using the set construction, while in
other cases, the language is described via a grammar (“L(G)”).

1. {z | xis a prefix of w for w € {0,1}*}.
Solution: This is R, because the language is nothing but {0,1}*.

2. L(G) where G is the CFG S — 0S50 | 151 | e.
Solution: CFL, because nondeterminism is required in order to
guess the midpoint.

3. {a™b™c"d™ | m,n > 0}.
Solution: The classification is IV, because comparison using a single
stack is not possible. If we push a” followed by b™, it is no longer
possible to compare ¢ against a”, as the top of the stack contains
b™. Removing b™ “temporarily” and restoring it later isn’t possible,
as it is impossible to store away b™ in the finite-state control.

4. {a"b" | n > 0}.
Solution: DC'F'L, since we can deterministically switch to matching
b’s.

5. {a't/cF | i,5,k>0andi=jorj=k}.
Solution: I A, because for i = j = k, we can have two distinct parses,
one comparing a’s and b’s, and the other comparing b’s and ¢’s (the
capability for these two comparisons must exist in any grammar,
because of the “or” condition).
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Illustration 13.4.3 Indicate which of the following statements per-
taining to closure properties is true and which is false. For every true
assertion below, provide a one-sentence supportive answer. For every
false assertion below, provide a counterexample.

1. The union of a CFL and a regular language is a CFL.
Solution: True, since regular languages are also CFLs. Write the top-
level production of the new CFL as S -> A | B where A generates
the given CFL and B generates the given regular language.

2. The intersection of any two CFLs is always a CFL.
Solution: False. Consider {a™b™c" | m,n > 0} N {a™b"c" |
m,n > 0}. This is {a"b"c" | n > 0}, which is not a CFL.

3. The complement of a CFL is always a CFL.
Solution: False. Consider Ly, = {ww | w € {0,1}*} which was
discussed on page 230. Try to come up with another example your-
self.

Illustration 13.4.4 Describe the CFL generated by the following
grammar using a regular expression. Show how you handled each of
the non-terminals.

S —- TT

T —-UT | U

U — 0U | 1IU | e

It is easy to see that U generates a language represented by regular
expression (0 + 1)*, while T generates U ™. Note that for any regular
expression R, it is the case that (R*)T is R* U R*R* U R*R*R* ...
which is R*. Therefore, T generates (0+ 1)*. Now, S generates T'T, or
(0+1)*(041)*, which is the same as (0+1)*. Therefore, L(S) = {0, 1}*.

13.4.2 Simplifying CFGs
We illustrate a technique to simplify grammars through an example.

Illustration 13.4.5 Simplify the following grammar, explaining why
each production or non-terminal was eliminated:

S — AB | D
A—>0A‘13|C
B—>2‘3’A
D —- AC | BD
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E — 0.

Solution: Grammars are simplified as follows. First, we determine which
non-terminals are generating - have a derivation sequence to a terminal
string (if a non-terminal is non-generating, the language denoted by it
is (), and we can safely eliminate all such non-terminals, as well as, re-
cursively, all other non-terminals that use them). We can observe that
in our example, B is generating. Therefore, A is generating. C is an
undefined non-terminal, and so we can eliminate it. Now, we observe
that S is generating, since AB is generating; so we had better retain
S (!). D is reachable (‘reachable’ means that it appears in at least one
derivation sequence starting at S) but non-generating, so we can elimi-
nate D. Finally, E is not reachable from S through any derivation path,
and hence we can eliminate it, all productions using it (none in our ex-
ample), and all productions expanding E (exactly one in our example).
Therefore, we obtain the following simplified CFG:

S — AB
A—0A ‘1B
B — 2 ‘3 ’A.

Here, then, are sound steps one may employ to simplify a given
CFG (it is assumed that the productions are represented in terms of
elementary productions in which the disjunctions separated by | on the
RHS of a production rule are expressed in terms of separate productions
for the same LHS):

e A non-generating non-terminal is useless, and it can be eliminated.

e A non-terminal for which there is no rule defined (does not appear
on the left-hand side of any rule) is non-generating in a trivial sense.

e The property of being non-generating is ‘infectious’ in the following
sense: if non-terminal N; is non-generating, and if N; appears in
every derivation sequence of another non-terminal No, then Ny is
also non-generating.

e A non-terminal that does not appear in any derivation sequence
starting from S is unreachable.

e Any CFG production rule that contains either a non-generating
or an unreachable non-terminal can be eliminated.
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Illustration 13.4.6 Simplify the following grammar, clearly showing
how each simplification was achieved (name criteria such as ’generating’
and ’'reaching’):

S->AB | CD
A->0A1]1B
B->2 |3

D->AC|BDE

E->4E | D] 5.

B is generating. Hence, A is generating. S is generating. B, A, and S are
reachable. Hence, S, A, and B are essential to preserve, and therefore C
and D are reachable; however, C is not generating. Hence, production
CD is useless. Hence, we are left with:

S ->AB
A->0A1] 1B
B->2] 3.

O
We now examine push-down automata which are machines that recog-
nize CFLs, and bring out some connections between PDAs and CFLs.

13.5 Push-down Automata

A push-down automaton (PDA) is a structure (Q,X,Id,qo, 20, F)
where @) is a finite set of states, X is the input alphabet, I" is the
stack alphabet (that usually includes the input alphabet X'), qq is the
initial state, F' C (@ is the set of accepting states, zy the initial stack

symbol, and .
§:Qx (ZU{e}) x I — 290%™,

In each move, a PDA can optionally read an input symbol. However,
in each move, it must read the top of the stack (later, we will see that
this assumption comes in handy when we have to convert a PDA to
a CFG). Since we will always talk about an NPDA by default, the §
function returns a set of nondeterministic options. Each option is a
next-state to go to, and a stack string to push on the stack, with the
first symbol of the string appearing on top of the stack after the push
is over. For example, if (q1,ba) € §(qo, x,a), the move can occur when
x can be read from the input and the stack top is a. In this case, the
PDA moves over z (it cannot read = again). Also, an a is removed from
the stack. However, as a result of the move, an a is promptly pushed
back on the stack, and is followed by a push of b, with the machine
going to state gi. The transition function § of a PDA may be either
deterministic or nondeterministic.
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13.5.1 DPDA versus NPDA

A push-down automaton can be deterministic or nondeterministic.
DPDA and NPDA are not equivalent in power; the latter are strictly
more powerful than the former. Also, notice that unlike with a DFA,
a deterministic PDA can move on . Therefore, the exact specification
of what deterministic means becomes complicated. We summarize the
definition from [60]. A PDA is deterministic if and only if the following
conditions are met:

1. 0(q,a, X) has at most one member for any ¢ in @, a in X, and X
in I

2. If (g, a, X) is non-empty, for some a in X, then 6(q, e, X) must be
empty.

In this book, I will refrain from giving a technically precise defini-
tion of DPDAs. It really becomes far more involved than we wish to
emphasize in this chapter, at least. For instance, with a DPDA, it be-
comes necessary to know when the string ends, thus requiring a right
end-marker . For details, please see [71, page 176].

13.5.2 Deterministic context-free languages (DCFL)

Strin
State | Pt | 5o | iched | State | Comments
q0 0 z0 0 z0 ql 0. Have to push on this one
q0 1 z0 120 ql ...or this one
ql 0 0 00 ql la.Assume not at midpoint
ql 0 1 01 ql Have to push on this one
ql 0 0 € ql 1b. Assume at midpoint
ql 1 1 11 ql 2a. Assume not at midpoint
ql 1 0 10 ql Have to push on this one
ql 1 1 € ql 2b. Assume at midpoint
ql € z0 70 q2 3. Matched around midpoint

Fig. 13.6. A PDA for the language Lo = {ww! | w € {0,1}*}

A deterministic context-free language (DCFL) is one for which there
is a DPDA that accepts the same language. Consider the language

Language Lo = {ww® | w € {0,1}*}.
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Ly is not a DCFL because in any PDA, the use of nondeterminism is
essential to “guess” the midpoint. Figure 13.6 presents the ¢ function
of a PDA designed to recognize L. This PDA is described by the
structure

PLO = ({q07 }7 {07 1}7 {07 17 ZO}v 67 q0, 20, {QO7 QQ})

This PDA begins by stacking 0 or 1, depending on what comes first.
The comments 1a and 1b describe the nondeterministic selection of
assuming not being at a midpoint, and being a midpoint, respectively.
A similar logic is followed in 2a and 2b as well. Chapter 14 describes
PDA construction in greater detail.

Let us further our intuitions about PDAs by considering a few lan-
guages:

Li: {a'Vc* | if i =1thenj =k}

Lo: {a'Vcfd™ | i,5,k,m >0 A if i=1then j=kelse k =m}
Lz: {ww | we{0,1}7}.

L {011\ {ww | we {0,1)°),

Ls: {a'Vc* | i=jori=k}.

Lg: {a"b"c™ | n > 0}.

L, is a DCFL, because after seeing whether ¢ = 1 or not, a deter-
ministic algorithm can be employed to process the rest of the input. A
DPDA can be designed for reverse(L;) also. Likewise, a DPDA can be
designed for Ly. However, as discussed in Section 8.1.4, reverse(Ls) is
not a DCFL, as it is impossible to keep both decisions — whether j = k
or kK =m — ready by the time i is encountered. L3 is not a CFL at all.
However, L4, the complement of L3, is a CFL. Ls is a CFL (but not a
DCFL) — the guesses of i = j or i = k can be made nondeterministi-
cally. Finally, Lg is not a CFL, as we cannot keep track of the length
of three distinct strings using one stack. O

13.5.3 Some Factoids

Here are a few more factoids that tie together ambiguity (of grammars)
and determinism (of PDA):
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e If one can obtain a DPDA for a language, then that language is not
inherently ambiguous. This is because for an inherently ambiguous
language, every CFG admits two parses, thus meaning that there

cannot be a DPDA for it.
e There are CFLs that are not DCFLs (have no DPDA), and yet they
have non-ambiguous grammars. The grammar

S->0S0]181]e

is non-ambiguous, and yet denotes a language that is not a DCFL.
In other words, this CFG generates all the strings of the form ww,?
and these strings have only one parse tree. However, since the mid-
point of such strings isn’t obvious during a left-to-right scan, a
nondeterministic PDA is necessary to parse such strings.

13.6 Right- and Left-Linear CFGs

A right-linear CFG is one where every production rule has exactly
one non-terminal and that it also appears rightmost. For example, the
following grammar is right-linear:

S->0A | 1B | e

A->1C | O
B->0C | 1
c->11]o0C.

Recall that S => 0 A | 1 B | e is actually three different production
rulesS -> 0 A, S -> 1 B,and S -> e, where each rule is right-linear.
This grammar can easily be represented by the following NFA obtained
almost directly from the grammar:

IS-0 > A
IS-1->B
IS - e -=> F1
A -1->C¢C
A -0 ->F2
B -0->C
B -1->F3
cC -0->¢C
C -1->F4.

A left-linear grammar is defined similar to a right-linear one. An ex-
ample is as follows:

S->A0|B1]e
A->C11]0
B->C1 |1
c->11]co.
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A vpurely left-linear or a purely right-linear CFG denotes a regular
language. However, the converse is not true; that is, if a language is
regular, it does not mean that it has to be generated by a purely left-
linear or purely right-linear CFG. Even non-linear CFGs are perfectly
capable of sometimes generating regular sets, as in

S>TT| e
T->0T]| O.

It also must be borne in mind that we cannot “mix up” left- and right-
linear productions and expect to obtain a regular language. Consider
the productions

In this grammar, the productions are linear - left or right. However,
since we use left- and right-linear rules, the net effect is as if we defined
the grammar

S->08S1 | e

which generates the non-regular context-free language

{0"1" | n>0}.

Conversion of purely left-linear grammars to NFA

Converting a left-linear grammar to an NFA is less straightforward.
We first reverse the language it represents by reversing the grammar.
Grammar reversal is approached as follows: given a production rule

S — RiRy... Ry,

we obtain a production rule for the reverse of the language represented
by S by reversing the production rule to:
S"—R'R _,...Rj.

n*in—1"
Applying this to the grammar at hand, we obtain

Sr > 0Ar | 1 Br | e
Ar > 1 Cr | O
Br ->1Cr | 1
Cr >1] 0Cr.

Once an NFA for this right-linear grammar is built, it can be reversed
to obtain the desired NFA.
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13.7 Developing CFGs

Developing CFGs is much like programming; there are no hard-and-
fast rules. Here are reasonably general rules of the thumb for arriving
at CFGs:

1. (Use common idioms): Study and remember many common pat-
terns of CFGs and use what seems to fit in a given context. Ex-
ample: To get the effect of matched brackets, the common idiom
is

S->(8) | e.

2. Break the problem into simpler problems:
Example: {a™b" | m # n, m,n > 0}.

a) So, a’s and b’s must still come in order.
b) Their numbers shouldn’t match up.

i. Formulate matched up a’s and b’s
M->el|l aMb

ii. Break the match by adding either more A’s or more B’s
S->AM| MB
A->al al
B->b | bB

13.8 A Pumping Lemma for CFLs

Consider any CFG G = (N, X, P,S). A Pumping Lemma for the lan-
guage of this grammar, L(G), can be derived by noting that a “very
long string” w € L(G) requires a very long derivation sequence to derive
it from S. Since we only have a finite number of non-terminals, some
non-terminal must repeat in this derivation sequence, and furthermore,
the second occurrence of the non-terminal must be a result of expand-
ing the first occurrence (it must lie within the parse tree generated by
the first occurrence).
For example, consider the CFG

S>(S8S)ITI|e

T->[T]ITTI e.

Here is an example derivation:
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S=>(s)=>WT)N =>WLITI)N=>0WL 1N
Occurrence-1 Occurrence-2

Occurrence-1 involves Derivation-1: T => [ T ] => [ ]
Occurrence-2 involves Derivation-2: T => e

Here, the second T arises because we took T and expanded it into

[ T] and then to [ ]J. Now, the basic idea is that we can use
Derivation-1 used in the first occurrence in place of Derivation-2, to
obtain a longer string:

S=>()=>UTD) => (LTI =>CILTII)N=(IL[I N

Occurrence-1 Use Derivation-1 here

In the same fashion, we can use Derivation-2 in place of Derivation-1
to obtain a shorter string, as well:

S=>(8)=>(C(T))=>(CC))
Use Derivation-2 here

When all this happens, we can find a repeating non-terminal that
can be pumped up or down. In our present example, it is clear that
we can manifest (([* ]?)) for i@ > 0 by either applying Derivation-2
directly, or by applying some number of Derivation-1s followed by
Derivation-2. In order to conveniently capture the conditions men-
tioned so far, it is good to resort to parse trees. Consider a CFG with
|V| non-terminals, and with the right-hand side of each rule containing
at most b syntactic elements (terminals or non-terminals). Consider a
b-ary tree built up to height |V|+1, as shown in Figure 13.7. The string
yielded on the frontier of the tree w = uvxyz. If there are two such parse
trees for w, pick the one that has the fewest number of nodes. Now,
if we avoid having the same non-terminal used in any path from the
root to a leaf, basically each path will “enjoy” a growth up to height at
most |V (recall that the leaves are terminals). The string w = wvzyz
is, in this case, of length at most blVI. This implies that if we force
the string to be of length blVI+1 (called p hereafter), a parse tree for
this string will have some path that repeats a non-terminal. Call the
higher occurrence V) and the lower occurrence (contained within V)
V5. Pick the lowest two such repeating pair of non-terminals. Now, we
have these facts:

e |vzy| < p; if not, we would find two other non-terminals that exist
lower in the parse tree than V7 and Vs, thus violating the fact that
V1 and V5 are the lowest two such.
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Height |V + 1
max. branching factor = t

Fig. 13.7. Depiction of a parse tree for the CFL Pumping Lemma. The
upper drawing shows a very long path that repeats a non-terminal, with the
lowest two repetitions occurring at V_2 and V_1 (similar to Occurrence-1 and
Occurrence-2 as in the text). With respect to this drawing: (i) the middle
drawing indicates what happens if the derivation for V_2 is applied in lieu of
that of V_1, and (ii) the bottom drawing depicts what happens if the derivation
for V_2 is replaced by that for V_1, which, in turn, contains a derivation for
V2

e |vx| > 1; if not, we will in fact have w = wuzz, for which a shorter
parse tree exists (namely, the one where we directly employ V53).

e Now, by pumping, we can obtain the desired repetitions of v and y,
as described in Theorem 13.1.

Theorem 13.1. Given any CFG G = (N, X, P, S), there exists a num-
ber p such that given a string w in L(G) such that |w| > p, we can split
w into w = wvxryz such that lvy| > 0, |vay| < p, and for every i > 0,
w'ry'z € L(G).
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We can apply this Pumping Lemma for CFGs in the same manner as
we did for regular sets. For example, let us sketch that L., of page 230
is not context-free.

Illustration 13.8.1 Suppose L., were a CFL. Then the CFL Pump-
ing Lemma would apply. Let p be the pumping length associated with
a CFG of this language. Consider the string 0P1P0P1P which is in L.
The segments v and y of the Pumping Lemma are contained within
the first 0P1P block, in the middle 1P0? block or in the last 0P1? block,
and in each of these cases, it could also have fallen entirely within a
0P block or a 1P block. By pumping up or down, we will then obtain a
string that is not within L. O

Exercise 13.13 demonstrates another “unusual” application of the CFG
Pumping Lemma.

Chapter Summary

This chapter discussed the notion of context-free grammars and context-
free languages. We emphasized ‘getting a grammar right’ by showing
that it has two facets—mamely consistency and completeness. Fixed-
point theory helps appreciate context-free grammars in terms of re-
cursive equations whose least fixed-point is the “desired” context-free
language. We discussed ambiguity and disambiguation—two topics that
compiler writers deeply care about. After discussing the Chomsky hier-
archy, we discuss the topics of closure properties (or lack thereof under
intersection and complementation). We present how CFGs may be sim-
plified. We then move on to push-down automata, which are machines
with a finite control and one stack. We discuss the fact that NPDAs
and DPDAs are not equivalent. We close off with a discussion of an in-
complete Pumping Lemma for CFLs. Curiously, there is also a complete
Pumping Lemma for CFLs (“strong Pumping Lemma” [124]). We do
not discuss this lemma (it occupies nearly one page even when stated
in a formal mathematical notation).

Exercises

13.1. Draw the parse tree for string
aaabbabbbbbbaababaaa

with respect to grammar G5, thus showing that this string can be
derived according to the grammar.
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13.2.
1. Parenthesize the following expression according to the rules of stan-
dard precedence for arithmetic operators, given that ~ stands for

unary minus:
~1%2—-3-4/~5.

2. Convert the above expression to Reverse Polish Notation (post-fix
form).

13.3. Prove by induction that the following grammar generates only
strings with an odd number of 1s. Clearly argue the basis case(s), the
inductive case(s), and what you prove regarding 7" and regarding S.

S — STO0 |01
T - 11T | ¢

13.4. Write the consistency proof pertaining to Gg in full detail. Then
write a proof for the completeness of the above grammar (that it gen-
erates all well-parenthesized strings).

13.5. Which other solution to the language equation of L(Sg) of
page 225 exists?

13.6. Prove that Gy of Page 231 is a CFG for the language L. Hint:
The productions S -> A and S -> B generate odd-length strings. Also,
S -> AB and S -> BA generate all strings that are not of the form ww.
This is achieved by generating an even-length string pg where |p| = |¢|
and if p is put “on top of” ¢, there will be at least one spot where they
both differ.

13.7. Argue that a DPDA satisfying the definition in Section 13.5.1
cannot be designed for the language {ww® | w € X*}.

13.8. (Adapted from Sipser [111]) Determine whether the context-free
language described by the following grammar is regular, showing all
the reasoning steps:

S->TTI| U
T->0T | TO | #
U->0U0U00 | #.

13.9. Answer whether true or false:

1. There are more regular languages (RLs) than CFLs.
2. Every RL is also a CFL.
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3. Every CFL is also a RL.

4. Every CFL has a regular sublanguage (“sublanguage” means the
same as “subset”).

5. Every RL has a CF sublanguage.

13.10.

1. Obtain one CFG G that employs left-linear and right-linear pro-
ductions (that cannot be eliminated from Gi) such that L(Gy) is
regular.

2. Now obtain another grammar Gy where L(G2) is non-regular but
is a DCFL.

3. Finally, obtain a G5 where L(G3) is not a DCFL.

13.11. Using the Pumping Lemma, show that the language
{0"1™2™ | n > 0} is not context-free.

13.12. Show using the Pumping lemma that the language
{ww | w e {0,1}*} is not context-free.

13.13. Prove that any CFG with |X| = 1 generates a regular set. Hint:
use the Pumping Lemma for CFLs together with the ultimate period-
icity result for regular sets. Carefully argue and conclude using the PL
for CFLs that we are able to generate only periodic sets.

13.14. Argue that the syntaz of regular expressions is context-free while
the syntax of context-free grammars is reqular!

GO, MY SON...
MAY ALL YouR BUGS

Be COMPILE-TIME, AND
ALL YOUR GRAMMARS BE
CONTEXT- FREE!
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