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EvaluaMng SimulaMons and SGS models 

•  How do we go about tesMng our models? How should models be validated and 
compared to each other? 

•  Pope (2004) gives 5 criteria for evaluaMng SGS models: 

1.  Level of descripMon in the SGS model 
2.  Completeness of the model 
3.  The cost and ease of use of the model 
4.  The range and applicability of the model 
5.  The accuracy of the model  

•  Most of these criteria are related to the accuracy of simulaMon results: 

‐Accuracy: Ability of the model to reproduce DNS, experimental or theoreMcal 
staMsMcal features of a given test flow (or the ability to converge to these 
values with increasing resoluMon) 

An important aspect of this is grid convergence of simula3on sta3s3cs.  This is 
not always done but is an important aspect of simulaMon validaMon.  Note that 
this convergence (especially in high‐Re flows) may not be exact, we may only 
see approximate convergence. 



3 

EvaluaMng SimulaMons and SGS models 
‐Cost: When examining the above, it is important to include the cost of each model 
(and comparisons between alternaMve models). 

‐One model may give be\er results at a lower grid resoluMon (larger Δ) but include 
costs that are excessive: 

Example: Scale‐dependent Lagrangian dynamic model (Stoll and Porté‐Agel, WRR, 
2006): 

38% increase in cost over constant Smagorinsky model 
15% increase over plane averaged scale‐dependent model 

How much of a resoluMon increase can we get in each direcMon for a 30% cost 
increase??  Only a li\le more than 3% in each direcMon! 

‐Completeness: A “complete” LES and SGS model would be one that can handle 
different flows with simply different specificaMon of BCs, iniMal condiMons and forcings. 

‐In general LES models are not complete due to grid requirements and (possibly) ad hoc 
tuning for different flows. 

‐Example from RANS: mixing length models are incomplete (different flow different l) 
while the k‐ε model can be thought of as complete for RANS since it can be applied to 
any flow. 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Accuracy of LES models 

•  An example of the accuracy of LES models to predict flow staMsMcs (from Porte‐Agel et al, JFM 2000 and 
Andren et al., 1994, QJRMS):  

• Non‐dimensional velocity gradient 

•  Here we will look at some examples of different measurements of simulaMon 
accuracy and evaluaMon as well as a few common test cases for LES 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Accuracy of LES models 
•  An example of the accuracy of LES models to predict flow staMsMcs (from Porte‐Agel et al, JFM 2000)  

• Non‐dimensional velocity gradient 

• Streamwise velocity spectra at two 
different resoluMons 

• Streamwise velocity spectra from Perry et al (1986) 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Test Case: Isotropic Turbulence LES 
•  An example from Lu et al, 2008  

• Velocity spectra from DNS 

• Energy decay in isotropic turbulence 

• Velocity spectra from filtered DNS and LES 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Test Case: Turbulent Boundary Layers 
•  An example from Guerts, 2004 of the effect of different SGS models on boundary layer development 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Test Case: Backward Facing Step 
•  An example from Cabot and Moin, 2000 

• Velocity spectra from DNS 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Boundary CondiMons for LES 

Boundary Condi3ons: 

•  Like all numerical techniques for PDEs, LES requires the specificaMon of boundary 
condiMons: 

‐Lateral or inflow/ounlow condiMons 

‐Boundary condiMons at solid walls (parMcularly interesMng for LES) 

‐Note in some flows top (upper) boundary condiMons are also important.  The most 
common example (I know of) is of the ABL when buoyancy effects are present 
resulMng in gravity waves.  The two most common ways of dealing with this: 

• Rayleigh dampening where a sponge layer of points is defined 
• Linear wave canceling (Klemp and Durran, MWR, 1983) 

‐IniMal condiMons (for Mme integraMon) can also be an important issue for some flows 
(e.g., decaying isotropic turbulence) 

•  Here we will talk about inflow boundary condiMons and boundary condiMons at solid 
boundaries 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Inflow Boundary Condi3ons: 

• Issues related to lateral (flow direcMon) BCs are not 
specific to LES.  In DNS nearly idenMcal issues are present. 
In RANS (many Mmes) this issue is not important since 
appropriate condiMons based on mean fields are all that my be 
needed. 

• Simplest case: Periodic BCs 
What goes out comes back in (idenMcally). 

• For true BL flow (that grow in the flow direcMon) or flows 
with complex geometry, many 3mes we can’t use  
periodic BCs. 

• The figure and capMon to the  
right illustrate the importance 
of proper inflow BCs in a  
turbulent flow.    

• Here we will cover a few ways 
to deal with this  
(see Sagaut Ch 10.3) 

Need for Proper Inflow CondiMons 

Figure and capMon from Sagaut, page 355 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Precursor SimulaMons Inflow CondiMons 

Figure from 
 Saguat, page 362 

Precursor Simula3ons:  
•  One of the most effecMve ways to generate inflow condiMons is to specify inflow 
from “homogeneous” (for example horizontally) pre‐run flow simulaMons. 

•  Pros: requires very few assumpMons and we don’t need an “adjustment” zone (as 
many other techniques do 
•  Cons: Precursor simulaMons can be expensive (someMmes as much as the actual 
simulaMon of interest!). 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Rescaling 

From Saguat, page 364 

• Almost all other techniques try to specify: 

•  Many of these techniques use an assumed energy spectrum combined with assumed 
BL profiles (see Sagaut pg 356 for a list) or require other a priori knowledge of 
turbulence staMsMcs of the exact flow. 

•  Another method is to rescale the flow. 

‐with this technique (shown in the figure 
to the right), the flow from a downstream 
locaMon, separated from the inflow 
enough to be considered independent 
is scaled (using know flow properMes) to 
become the new inflow.  

‐The technique was developed by 
Lund et al., J. Comp. Phys 1998. 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Surface/wall Boundary CondiMons 

•  In many flows of interest a solid wall (or surface) is present in some way. 

•  It can be very costly to fully resolve the effects of the wall and implement “natural”       
no‐slip BCs 

•  Chapman (1979, AIAA) performed the first analysis of grid‐resoluMon requirements for 
LES of wall‐bounded flows. 

•  We can divide the flow into 2 regions: 

‐outer layer:  viscosity isn’t as important and grid resoluMon requirements are more 
or less (not including SGS model errors) independent of Re 

‐inner layer:  near wall region where viscosity plays an important role. 

• Structures (“eddies”) in the inner‐layer are approximately constant when non‐
dimensionalized with viscous length scales. 

‐To resolve these moMons we need grid spacing of: 

• Δx+  ~ 100     (x+=xiuτ /ν) 
• Δz+  ~ 20 

fricMon velocity 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Requirements to Resolve the Wall 

Figure from Piomelli and 
Balaras, ARFM, 2002 

•  Using these Δx+ and Δz+ scales we can show that: 
if we want to resolve the viscous sublayer (to enforce use the no slip 
condiMon). 

•  For a BL with ReL=106 (moderate‐low Re) 99% of our points will need to be in the near 
wall region whose thickness is only 10% of the en3re boundary layer!  

integral Re 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Approximate wall‐boundary condiMons 

From: Piomelli and Balaras, ARFM, 2002 

•  How do we handle this problem for high‐Re 
boundary layers? 

•  Answer: with approximate wall‐boundary 
condi3ons: 

‐ We pick our first grid‐point to be 
sufficiently far from the wall so it lies in 
the outer layer. 

‐ This has the poten3al to make our 
simula3ons only weakly dependent on 
Re and grid resoluMon (if we don’t 
consider model errors!)  

‐ The goal is to create a model that 
calculates the wall shear stress as a 
func3on of the resolved velocity at the 
lowest grid level.  

‐ All of the dynamics of the inner layer 
must be accounted for with the wall 
model. 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•  Typical high‐Re wall models: 
‐Many wall models use RANS‐like approximaMons 

‐In high‐Re BLs, the most common models are 0th order RANS (i.e. similarity theory). 

‐     and      are assumed to be related by the well known log‐law: 

for a rough‐wall => 

‐Schumann (1975) introduced the 1st of this class of models where: 

                                                                                                            for i=1,2 (x,y) 

and where         was calculated from the mean pressure gradient. 

‐Grötzbach (1987) modified this by using the log‐law to calculate the average shear 
stress resulMng in the flowing model 

This model has the advantage over Schumann’s by allowing the total mass flux to 
change in Mme during a simulaMon. Both models assume that 

Approximate wall‐boundary condiMons 

mean velocity                          roughness      stability correcMon 

height of 1st grid point 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AccounMng for flow average flow structures 

•  Piomelli et al., (PoF, 1989) altered the models of 
Schumann and Grötzbach in an a\empt to account for 
the structure of the flow field. 

•  Experimental and numerical studies have demonstrated 
that coherent structures exist in the BL and that they are 
inclined at oblique angles to the wall (e.g. Brown and 
Thomas, PoF 1977).  

•  The inclinaMon of these structures can be measured by 
looking at the correlaMon between shear stress and 
velocity in a BL.  With the average inclinaMon given by 
the lag to max correla3on with height. 

•  Piomelli et al. (1989) took this into account by  
Shiying the SG model downstream: 

Where the displacement                  
And                 for high Re flows.  

Figure from Brown and 
Thomas (PoF, 1977) 

Increasing height 

Figure from Masusic et al. (JFM, 2001) 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Local and Higher‐order RANS approximaMons 

•  The local log‐law for ABL flows: 
‐In the ABL or general flows where no direcMons of homogeneity exist for determining 
         the log‐law is many Mmes used directly to calculate the local shear stress by:  

where 

‐This formulaMon assumes                  and does not preserve         .  

•  2‐layer models (higher‐order RANS): 
Balaras et al., (AIAA, 1996) used a higher order  
RANS closure based on the thin‐BL equaMons: 

where i=1,2, un is the wall normal 
component found from conMnuity and νt is an 
eddy‐viscosity parameterized with an algebraic 
model.  The equaMons are solved to the wall.  Figure from Piomelli and Balaras, 2002 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Comparing different models a posMori 

From Stoll, Porte‐Agel, BLM, 2006 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Figure 2. Non-dimensional gradient of the mean streamwise velocity != κz
u∗

dU
dz

from simu-
lations that use the SG surface model over surfaces with four different aerodynamic rough-
ness lengths zo. The height z is normalized with the boundary-layer depth H . The dotted
line corresponds to the classical log-law (expected to hold on the lower 10% of the domain)
with κ =0.4.

τ13,s and ũ1 (Equations (1) and (4) for the SG and shifted SG models,
respectively). This fundamental difference results in the local SG model
weighting extreme shear stress events stronger than the SG or shifted SG
models.

In order to study how the different surface boundary conditions affect
the resolved velocity field in the surface layer, we begin by examining the
mean velocity gradient. The averaged non-dimensional streamwise velocity
gradients !=κzu−1

∗ dU/dz obtained from simulations over the four rough-
ness length values under consideration, using the SG model, the shifted SG
model, and the local SG model, are plotted versus the normalized height
z/H in Figures 2, 3 and 4, respectively. Similarity theory predicts that !
will have a constant value of one in the surface layer (lower 10% of the
boundary layer) and slightly larger value in the mixed layer (wake layer)
above. Furthermore, experimental evidence (Schlichting, 1979; Krogstad
et al., 1992; Krogstad and Antonia, 1999) has shown that for fully rough
turbulent boundary layer flows changes in roughness length zo should only
cause a shift in the expected log-law, therefore having no effect on the non-
dimensional gradient ! in the surface layer. In our simulations with the SG
model, the shifted SG model and the local SG model, the value of ! at
the lowest levels where the resolved vertical gradient is computed increases
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Figure 4. Non-dimensional gradient of the mean streamwise velocity != κz
u∗

dU
dz

from simu-
lations that use the local SG surface model over surfaces with four different aerodynamic
roughness lengths zo. The height z is normalized with the boundary-layer depth H . The
dotted line corresponds to the classical log-law (expected to hold on the lower 10% of the
domain) with κ =0.4.

Figure 5. Vertical distribution of the normalized variance of the resolved streamwise velocity
from simulations using the SG surface model over surfaces with four different aerodynamic
roughness lengths zo. The height z is normalized with the boundary-layer depth H .
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Figure 4. Non-dimensional gradient of the mean streamwise velocity != κz
u∗

dU
dz

from simu-
lations that use the local SG surface model over surfaces with four different aerodynamic
roughness lengths zo. The height z is normalized with the boundary-layer depth H . The
dotted line corresponds to the classical log-law (expected to hold on the lower 10% of the
domain) with κ =0.4.

Figure 5. Vertical distribution of the normalized variance of the resolved streamwise velocity
from simulations using the SG surface model over surfaces with four different aerodynamic
roughness lengths zo. The height z is normalized with the boundary-layer depth H .
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Figure 3. Non-dimensional gradient of the mean streamwise velocity != κz
u∗

dU
dz

from simu-
lations that use the shifted SG surface model over surfaces with four different aerodynamic
roughness lengths zo. The height z is normalized with the boundary-layer depth H . The
dashed line corresponds to the MKP model and a surface roughness zo =0.1 m. The dotted
line corresponds to the classical log-law (expected to hold on the lower 10% of the domain)
with κ =0.4.

with increasing roughness length. The effect is stronger at the lowest level
(at z=#z). At that height, ! ranges from a value of 0.89 for a roughness
length zo of 0.0001 m to a value of 1.17 for zo of 0.5 m for the SG model,
and from a value of 0.86 for zo of 0.0001 m to a value of 1.09 for zo of
0.5 m with the shifted SG model. The local SG model shows a similar but
less pronounced dependence of ! with roughness. It increases from a value
of 0.96 for a roughness length zo =0.0001 m to a value of 1.13 for a rough-
ness length of zo = 0.5 m. Note that the clear dependence of ! on rough-
ness length obtained with the three models is inconsistent with similarity
theory. Interestingly, the value of ! with the shifted SG model is more con-
sistent with similarity theory (closer to a value of one at the first resolved
gradient) for the case of zo =0.1 m. In this case, αeq =0.088, which is very
close to the optimum value of 0.10 reported by Marusic et al. (2001) (and
used here with the MKP model shown in Figure 3).

In order to explore the effect of roughness and boundary condition
formulation on the resolved kinetic energy near the ground, the variance
of the resolved streamwise velocity (averaged over horizontal planes and
over time) is computed and plotted as a function of normalized height in
Figures 5, 6 and 7 for the SG, shifted SG and local SG models, respec-
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Figure 6. Vertical distribution of the normalized variance of the resolved streamwise velocity
from simulations using the shifted SG surface model over surfaces with four different aero-
dynamic roughness lengths zo. The dashed line corresponds to the MKP model and a surface
roughness zo =0.1 m. The height z is normalized with the boundary-layer depth H .

tively. In all three figures, it is clear that an increase in roughness is asso-
ciated with a decrease in the resolved velocity variance at the first vertical
grid points where the horizontal velocity is computed (z=!z/2). This can
be explained by the fact that increasing zo is associated with increasing
fluctuations in τ13,s as shown in Table II and Figure 1. The increased mag-
nitude of the large shear stress events translates into a stronger damping of
the fluctuations of the resolved velocity through the solution of the filtered
Navier–Stokes equations. This effect, in turn, is associated with a reduc-
tion of the ‘mixing strength’ of the turbulence, which is consistent with
the increase in the mean velocity gradient shown in Figures 2, 3 and 4.
The roughness effects on the velocity variance is mainly restricted to the
lowest computational grid points, above which the resolved kinetic energy
shows small dependence on the values of zo. This observation is in good
agreement with previous results from a numerical study of low-Reynolds-
number channel flows (Piomelli et al., 1989) showing that boundary condi-
tion effects are restricted to the lowest levels of computation.

Next, we study the effect of roughness length on the distribution of the
simulated kinetic energy as a function of scale by analyzing the streamwise
velocity spectra computed at different heights for the shifted SG model and
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Figure 7. Vertical distribution of the normalized variance of the resolved streamwise velocity
from simulations using the local SG surface model over surfaces with four different aerody-
namic roughness lengths zo. The height z is normalized with the boundary-layer depth H .

the local SG model. In a neutrally stable ABL, there is experimental evi-
dence that the streamwise velocity energy spectrum is proportional to k

−5/3
1

at wavenumbers k1 ≥ z−1, where z is the measurement height and k1 is the
streamwise wavenumber. These results are consistent with the idea that the
flow exhibits local isotropy at the small scales (Kolmogorov, 1941; Sad-
doughi and Veeravalli, 1994). For smaller wavenumbers (H−1 ≤ k1 ≤ z−1)
corresponding to large-scale motions (Kader, 1984; Kader and Yaglom,
1991; Katul et al., 1995; Katul and Chu, 1998), the spectrum is propor-
tional to k−1

1 . Furthermore, the change from k−1
1 to k

−5/3
1 scaling is expected

to occur near k1z = 1 and the properly scaled spectra are expected to col-
lapse at scales smaller than the integral scale (H ) for all heights in the
surface layer (Perry et al., 1986). The normalized streamwise energy spec-
trum at different levels for the shifted SG model and the local SG model
are shown in Figures 8 and 9 each with all the four tested roughness
lengths. Spectra are calculated from one-dimensional Fourier transforms
of the streamwise velocity and are then averaged both horizontally and
in time. For the lowest levels of computation with the shifted SG model,
the spectra shown in Figure 8 exhibit a decrease in energy with increas-
ing roughness values. For a roughness length zo =0.0001 m, shown in Fig-
ure 8a, the spectrum at the first level ξ =z/H =0.009 is too high and does
not show the expected collapse with the closest levels of computation to
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