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LES filtered EquaPons for incompressible flow 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• Mass: 

• Momentum: 

• Scalar: 

• SFS stress: 

• SFS flux: 

•  we’ve talked about variance (or energy) when discussing turbulence and filtering 

•  when we examined application of the LES filter at scale Δ we looked at the effect 
of the filter on the distribution of energy with scale. 

•  A natural way to extend our examination of scale separation and energy is to look 
at the evolution of the filtered variance or kinetic energy 

b 
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The filtered kinePc energy equaPon 

•  filtered kine+c energy equa+on for incompressible flow 

‐ We can define the total filtered kinePc energy by: 

‐We can decompose this in the standard way by: 

‐ The SFS kinePc energy (or residual kinePc energy) can be defined as: 

(see Pope pg. 585 or Piomelli et al., Phys Fluids A, 1991) 

 ‐The resolved (filtered) kinePc energy is then given by: 

Resolved 
KinePc energy 

SFS 
KinePc energy 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The filtered kinePc energy equaPon 

•  We can develop an equaPon for     by mulPplying equaPon     on page 2 by     : 

•  Applying the product rule to the terms in the squares: 

•  Using our definiPon of     : 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The filtered kinePc energy equaPon 

•  term      : 

•  using squared equaPon and divide by 2 and mulPplying by ν:    

•  term     : 

•  Combining everything back together: 

“storage” of   
advecPon 
of   

pressure 
transport   

transport 
of viscous 
stress  

dissipaPon 
by viscous 
stress 

SFS 
dissipaPon 

transport of 
SFS stress 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Product rule Product rule 

Looks just like     
(without ν) 
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Uses symmetry of      and 
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•  The SFS dissipa+on     in the resolved kinePc energy equaPon is a sink of resolved kinePc 
energy (it is a source in the      equaPon) and represents the transfer of energy from 
resolved SFSs.  It is equal to: 

•  It is referred to as the SFS dissipaPon as an analogy to viscous dissipaPon (and in the 
inerPal subrange     = viscous dissipaPon). 

•  On average     drains energy (transfers energy  
down to smaller scale) from the resolved scales. 

•  Instantaneously (locally)     can be posiPve  
or negaPve. 

‐ When     is negaPve (transfer from  
SFSResolved scales) it is typically  
termed backsca8er 

‐When    is posiPve it is somePmes  
referred to as forward sca8er. 

Transfer of energy between resolved and SFSs 

Resolved scales  SGS scales 

π/Δ  

kr
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•  Its informaPve to compare our resolved kinePc energy equaPon to the mean kinePc 
energy equaPon (derived in a similar manner, see Pope pg. 124; Stull 1988 ch. 5) 

•  For high‐Re flow, with our filter in the inerPal subrange: 

‐ The dominant sink for        is Π while for      it is      (rate of dissipaPon of energy). 
For high‐Re flow we therefore have: 

‐  Recall from K41,      is proporPonal to the transfer of energy in the inerPal subrange 
 Π will have a strong impact on energy transfer and the shape of the energy 
spectrum in LES.  

‐ CalculaPng the correct average Π is another necessary (but not sufficient) condiPon 
for an LES SFS model (to go with our N‐S invariance properPes from Lecture 7). 

Transfer of energy between resolved and SFSs 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