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StaNsNcal	  CondiNons	  for	  a	  SGS	  model	  
• 	  What	  condiNons	  should	  a	  SGS	  model	  saNsfy?	  
-‐Specifically	  we	  are	  interested	  in	  answering	  the	  quesNon	  what	  sta$s$cal	  properNes	  should	  
τij	  and	  τijmod	  share?	  

	  

-‐We	  know	  a	  “good”	  model	  should	  adhere	  to	  our	  equaNons	  of	  moNon:	  
• 	  Invariance	  to	  translaNon,	  rotaNon,	  and	  reflecNon	  (in	  the	  absence	  of	  boundaries)	  
• 	  Hopefully,	  invariance	  to	  Re	  
• 	  Ideally,	  invariant	  to	  Δ	  

-‐To	  get	  more	  specific	  than	  this,	  we	  need	  to	  talk	  about	  sta$s$cs	  of	  SGS	  models	  (Meneveau,	  
Physics	  of	  Fluids,	  1994).	  

• 	  To	  obtain	  correct	  1st	  and	  2nd	  order	  moments	  of	  our	  resolved	  field,	  our	  model	  must	  
at	  least	  be	  able	  to	  produce	  average	  modeled	  stresses	  that	  match	  the	  real	  stresses	  
everywhere.	  
• 	  This	  doesn’t	  guarantee	  that	  our	  2nd	  order	  moments	  are	  correct	  it	  is	  only	  a	  
necessary	  condi$on.	  
• 	  To	  produce	  2nd	  order	  moments,	  we	  need	  to	  have	  our	  model	  reproduce	  2nd	  and	  3rd	  
order	  SGS	  stats	  including	  stresses	  and	  correlaNons	  (e.g.	  stresses	  with	  velocity	  or	  
gradients).	  	  This	  includes	  matching	  <Π>	  everywhere.	  	  
• 	  For	  even	  higher	  order	  moments	  we	  need	  to	  match	  higher	  order	  SGS	  stats…	  
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CompuNng	  SGS	  quanNNes	  
• 	  Procedurally,	  How	  do	  we	  compute	  these	  SGS	  stats	  from	  data	  (DNS	  or	  Experiments)?	  	  
Here	  is	  a	  “quick”	  list,	  also	  see	  the	  handout	  Project_apriori_study.pdf	  on	  the	  web.	  
	  

-‐ Select	  your	  data	  (aber	  quality	  control)	  and	  idenNfy	  missing	  velocity	  or	  gradient	  terms	  
-‐ Separate	  the	  data	  into	  resolved	  and	  SGS	  scales	  by	  calculaNng	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  with	  an	  
appropriate	  LES	  filter	  (see	  lecture	  4	  for	  the	  most	  common	  examples).	  

• At	  this	  point,	  a	  decision	  must	  be	  made:	  to	  down-‐sample	  or	  not	  (see	  Liu	  et	  al.,JFM	  1994)	  
-‐Down-‐sampling	  means	  removing	  points	  from	  the	  field	  that	  are	  separated	  
(spaNally)	  by	  <	  our	  filter	  scale	  Δ	  (denoted	  by	  the	  ~).	  EffecNvely	  this	  means	  we	  
keep	  less	  points	  than	  we	  started	  with	  (e.g.	  from	  1283	  to	  323)	  aber	  filtering.	  
-‐Pros:	  we	  get	  a	  “true”	  representaNon	  of	  the	  effect	  of	  gradient	  esNmates	  on	  our	  
SGS	  models	  and	  avoid	  enhanced	  correlaNons	  due	  to	  filter	  overlap.	  
-‐Cons:	  we	  lose	  data	  points	  (important	  if	  we	  have	  limited	  data)	  and	  we	  now	  need	  
to	  consider	  the	  above	  gradient	  esNmaNon	  errors!	  	  

-‐ Calculate	  local	  values	  of	  all	  the	  components	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
you	  can	  (you	  may	  need	  approximaNons	  here	  based	  on	  your	  data!)	  
-‐ For	  some	  models	  you	  may	  need	  to	  calculate	  other	  parameters	  (e.g.,	  mixed	  and	  nonlinear	  
models)	  but	  the	  general	  procedure	  is	  the	  same	  
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CompuNng	  SGS	  quanNNes	  
-‐Homework	  #2	  implemented	  different	  types	  of	  filters	  
	  

-‐Once	  you	  have	  these	  basic	  quanNNes	  calculated	  you	  can	  calculate	  model	  values	  	  	  	  	  	  	  	  	  	  	  	  	  
and	  staNsNcs	  of	  the	  actual	  (from	  data)	  and	  modeled	  SGS	  stresses	  including	  average	  values,	  
correlaNon	  coefficients	  and	  variances	  (see	  project	  handout).	  	  
	  
-‐We	  can	  also	  calculate	  other	  SGS	  staNsNcs	  like	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  or	  any	  
model	  coefficients	  of	  interest	  (see	  handout	  for	  an	  example).	  	  
	  
• 	  The	  following	  pages	  give	  some	  examples	  of	  SGS	  staNsNcs	  and	  model	  coefficients	  
calculated	  form	  various	  references	  (discussed	  in	  class).	  
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SGS	  DissipaNon	  
• 	  SGS	  Energy	  transfer	  from	  experiments	  in	  the	  Utah	  desert	  (Carper	  and	  Porté-‐Agel	  ,	  2004)	  

Experimental	  setup	  

Example	  of	  Nme	  series	  of	  Π	  from	  the	  ABL	  (late	  abernoon)	  

<Π>×103=7.13	  m2s-‐3	  
σΠ×102=18.02	  m2s-‐3	  	  

Example	  PDF	  of	  Π	  from	  the	  ABL	  (late	  abernoon)	  
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SGS	  DissipaNon	  
• 	  SGS	  Energy	  transfer	  from	  wind	  tunnel	  experiments	  in	  a	  round	  jet	  (Liu	  et	  al.,	  1994)	  

Top-‐hat	  filtered	  PIV	  field	  

Average	  Π	  from	  the	  wind	  tunnel	  experiment	  
compared	  to	  molecular	  dissipaNon	  

SpaNal	  distribuNon	  of	  Π	  from	  PIV	  
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SGS	  DissipaNon	  
• 	  SGS	  Energy	  transfer	  from	  DNS	  of	  turbulent	  channel	  flow	  Re=3300	  (Uc)	  (Piomelli	  et	  al.,	  1991)	  

	  Π	  normalized	  by	  the	  total	  dissipaNon	  
___	  average;	  -‐-‐-‐-‐	  rms	  and	  ….	  backscaxer	  

FracNon	  of	  points	  in	  channel	  flow	  with	  
backscaxer	  for	  3	  different	  filter	  widths	  
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decreasing	  Δ	  

• 	  backscaxer	  increases	  with	  Re	  
• 	  fracNon	  of	  backscaxer	  points	  decreases	  for	  a	  
Gaussian	  filter	  (cutoff	  results	  shown)	  to	  about	  
30%.	  
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SGS	  Model	  CorrelaNon	  Coefficients	  

CorrelaNon	  coefficients	  from	  Clark	  et	  al,	  (1979)	  for	  
different	  models	  

• Eddy-‐viscosity-‐	  
• Smagorinsky-‐	  

• KineNc	  energy-‐	  
• VorNcity-‐	  

CorrelaNon	  coefficients	  from	  Lu	  et	  al	  (2007)	  
for	  Smagorinsky	  and	  Similarity	  models	  

Π	  

τij	  

Measured	  (leb)	  and	  modeled	  (right)	  with	  the	  similarity	  
model	  τ11	  from	  Lu	  et	  al	  (2007).	  
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SGS	  Model	  Coefficient	  EsNmates	  
Model	  coefficients	  evaluated	  by	  matching	  	  Π	  from	  
ABL	  study	  of	  Sullivan	  et	  al	  (2003).	  	  

Λw	  is	  the	  peak	  in	  
the	  w	  velocity	  
spectra	  and	  Λf	  is	  
the	  filter	  scale	  

Smagorinsky	  

Mixed	  model	  

KineNc	  Energy	  

Mixed	  KE	  
Experimental	  setup	  in	  Colorado	  
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SGS	  Model	  Coefficient	  EsNmates	  
Smagorinsky	  coefficients	  with	  stability	  (Kleissl	  et	  al,	  2004)	  

Experimental	  setup	  in	  
Colorado	  
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SGS	  Model	  Coefficient	  EsNmates	  
Smagorinsky	  coefficients	  with	  stability	  (Bou-‐Zeid	  et	  al,	  JFM	  2010)	  484 E. Bou-Zeid, C. Higgins, H. Huwald, C. Meneveau and M. B. Parlange

(a) (b)

Figure 1. SnoHATS: side view of the 12 sonics array (a) and the upwind fetch of 1.5 km (b).

where |S̃| = (2 S̃ij S̃ij )1/2 is the magnitude of resolved strain-rate tensor, cs is the
Smagorinsky coefficient and ∆ is the filter scale. Similarly, the SGS heat flux is
related to the potential temperature gradient via an eddy-diffusivity, kSGS , using the
SGS turbulent Prandtl number, PrSGS:

qmodel
i = −kSGS

∂θ̃

∂xi

= −Pr−1
SGS(cs∆)2

∣∣∣S̃
∣∣∣

∂θ̃

∂xi

. (2.5)

3. Experimental set-up
To help answer the questions raised in § 1, a field study was performed over the

extensive ‘Plaine-Morte’ glacier in the Swiss Alps (7.5178◦ E, 46.3863◦ N, 2750 m
elevation) from 2 February to 19 April 2006. The snow cover provided stable
stratification of the flow over long periods, especially under clear-sky conditions
(see study of cloudiness effect on stability in Mirocha, Kosovic & Curry 2005).
The goal of the experiment was to allow the computation of the relevant SGS
variables introduced before, τij , S̃ij , qi and ∂θ̃/∂xi which would then also yield the

mean rates of SGS dissipations of TKE, −⟨τij S̃ij ⟩, and of potential temperature

variance, −⟨qi ∂θ̃/∂xi⟩. Therefore, two vertically-separated horizontal arrays with a
total of 12 sonic anemometers (three-dimensional, Campbell Scientific CSAT3) were
deployed (figure 1) to allow two-dimensional filtering and computation of the full
three-dimensional gradients; the experiment was hence called the Snow Horizontal
Array Turbulence Study (SnoHATS). Supporting measurements at the site included
mean wind speed and direction (Vector Instruments A100R and W200P, respectively),
temperature and relative humidity of the air at several heights (Rotronic MP103A), the
four radiation components (Kipp and Zonen CM21 for shortwave up and down and
CG4 for longwave up and down), snow elevation (Campbell Scientific SR50), snow-
surface temperature (Apogee Instruments IRTS-P infrared thermocouple sensor) and
high-frequency water vapour concentration (3 Campbell Scientific KH20 Krypton
Hygrometers) for eddy-covariance measurement of evaporation.

Due to snow accumulation at the surface, the height of the two arrays above snow
level varied between 2.82 and 0.62 m. This variation is very useful since it allows the
effect of the height above the surface to be studied. Data analysis was restricted to
wind directions of ±60◦ relative to the streamwise sonic axis (corresponding to easterly
winds); this ensures that the wind is blowing over a long fetch of flat snow (minimum
of 1500 m, to keep the instruments in the internal equilibrium layer: Brutsaert 1998;
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Figure 13. Variation of the SGS Prandtl number with the stability parameter based on the
Obukhov scale.

with a number of individual points exceeding five were plotted since a lower number
would not be sufficient to compute an average. All bins with centres in the range
10−2 <∆/LMO < 101 had sufficient points.

The variation with stability is in very good agreement with the findings of Kleissl
et al. (2003), who further proposed a parameterization of cs as a function of stability,
filter scale and distance to the wall:

c∆
s,Kleissl = co

[
1 + R

(
∆

LMO

)]−1 [
1 +

(
co

κ

∆

z

)n]−1/n

, (9.2)

where co = 0.135 and n = 3 are empirical constants determined in Kleissl et al. (2003)
using unconstrained optimization, κ = 0.4 is the von Kármán constant and R is the
ramp function. This parameterization is depicted as solid lines for the minimum and
maximum distances to the ground surface encountered in SnoHATS; the data from
this experiment fall within the range predicted by (9.2).

In a follow-up on their work, Kleissl et al. (2004) also tested the scale-invariant
dynamic model (Germano 1986) and the scale-dependent dynamic model (Porte-
Agel et al. 2000a; Bou-Zeid et al. 2005) for their ability to yield the correct model
coefficients determined a priori through (9.1). They observed that the scale-invariant
model significantly underestimated the optimal model coefficients; this is a well-
documented finding related to the fact that, near the surface, the filter scale is in
the production range and the model coefficients vary with scale. On the other hand,
Kleissl et al. (2004) found that the scale-dependent dynamic model gave coefficients
in very good agreement with the experimental values for all stabilities. The SnoHATS
set-up was not designed to perform the two test-filtering operations required for the
dynamic models (even though such tests could still be performed) and hence we do
not reproduce the analysis of Kleissl et al. (2004). However, the fact observed in
their paper, that a scale-dependent model can reproduce experimentally determined
coefficients with good accuracy under stable conditions, will be important in our
discussion and conclusions later in this paper.

Figure 13 depicts the variation of the SGS Prandtl number with stability. Kleissl
et al. (2003) also studied this variation but no clear trend could be observed in their
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deployed (figure 1) to allow two-dimensional filtering and computation of the full
three-dimensional gradients; the experiment was hence called the Snow Horizontal
Array Turbulence Study (SnoHATS). Supporting measurements at the site included
mean wind speed and direction (Vector Instruments A100R and W200P, respectively),
temperature and relative humidity of the air at several heights (Rotronic MP103A), the
four radiation components (Kipp and Zonen CM21 for shortwave up and down and
CG4 for longwave up and down), snow elevation (Campbell Scientific SR50), snow-
surface temperature (Apogee Instruments IRTS-P infrared thermocouple sensor) and
high-frequency water vapour concentration (3 Campbell Scientific KH20 Krypton
Hygrometers) for eddy-covariance measurement of evaporation.

Due to snow accumulation at the surface, the height of the two arrays above snow
level varied between 2.82 and 0.62 m. This variation is very useful since it allows the
effect of the height above the surface to be studied. Data analysis was restricted to
wind directions of ±60◦ relative to the streamwise sonic axis (corresponding to easterly
winds); this ensures that the wind is blowing over a long fetch of flat snow (minimum
of 1500 m, to keep the instruments in the internal equilibrium layer: Brutsaert 1998;
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wind directions of ±60◦ relative to the streamwise sonic axis (corresponding to easterly
winds); this ensures that the wind is blowing over a long fetch of flat snow (minimum
of 1500 m, to keep the instruments in the internal equilibrium layer: Brutsaert 1998;
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Figure 20. Variation of the SGS Prandtl number for unstable and stable conditions (note
that both axes are in logarithmic scale).

of the LES domain) and propagating down into the stable ABL (Mahrt 1999).
When LES and experimental data are compared, the effects of atmospheric dynamics
occurring during the experiment, but laying outside of the simulation domain, are
difficult to account for. Therefore, for comparison studies, it is preferable to focus on
experimental periods where such features are not present.

To conclude, the results of the present analysis show that SGS modelling in LES of
wall-bounded flows under stable conditions shares many of the properties encountered
under neutral and unstable conditions. However, other aspects of LES under stable
conditions (points (i)–(iv) above) remain challenging and further investigations that
focus on these aspects are needed.
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Appendix
Figure 13 depicted the increase of Pr as the stability increased. In a similar analysis

performed by Vercauteren et al. (2008) for unstable atmospheric conditions, the
SGS Prandtl number was found to decrease as the stability parameter decreased
to higher negative values (increased in magnitude). The data from SnoHATS and
from the lake–atmosphere turbulent exchanges experiment analysed by Vercauteren
et al. (2008) are depicted together in figure 20. We see a clear increase in Pr as



13	  

Geometric	  Tensor	  Alignment	  

DefiniNon	  of	  the	  3	  angles	  needed	  to	  
characterize	  the	  alignment	  of	  2	  tensors	  
(τij	  and	  Sij)	  
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Coherent	  Structures	  and	  SGS	  models	  
• 	  SGS	  and	  coherent	  structures	  in	  the	  Utah	  desert	  (Carper	  and	  Porté-‐Agel	  ,	  2004)	  


