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Abstract

A general analytical scheme for computing the n-fold convolution of exponential-
sum distribution functions has been developed in this paper. The n-fold convolution is
first expressed by multiple sums of recursive integrals. These recursive integrals are then
reconstructed with a series of delta functions to avoid separations of integrations. Part
of the recursive integrals has been solved analytically by either direct integration or with
Maple-like symbolic software packages. The general analytical solution of the n-fold
convolution of exponential-sum distribution functions is obtained in two steps: first
developing a general pattern of Laplace transform of the recursive integrals, and then
performing an inverse Laplace transform operation to the general pattern of the de-
veloped Laplace transform. The solution presented in this paper provides another op-
tion for computing the n-fold convolution of exponential-sum distribution functions.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In a previous work [1], the problem of computing the n-fold convolution of
exponential-sum distribution functions was studied. A general analytical
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multiple-sum solution was derived there with the application of complete
multinomial expansion theorem and Laplace transform technique. However,
the solution presented there involves rather complex derivation. In this paper,
we present a novel analytical scheme with less complexity to compute the n-fold
convolution of exponential-sum distribution functions. The new general ana-
lytical solution of the n-fold convolution of exponential-sum distribution
functions is much simpler to understand conceptually and much easier to
implement computationally.

We begin with readdressing the problem as follows.

A density distribution function with exponential sums is expressed as

Fay =3 e, O

where m, a finite positive integer, is the number of exponentials; o; and /; are
positive constant real numbers; A; # 4; if i # j; and f(¢) is defined in positive
time domain where ¢ € [0,00). The corresponding cumulative distribution
function of f(¢) is

Fo = [ rea 2)
The n-fold convolution of f(¢) is defined as
790 = [ 1@ ®)
and the n-fold convolution of F(¢) is
o0 = [ rowas @
Our objective here is to find less complex solutions for (3) and (4) than those
presented in [1] provided that f(¢) and F(¢) are defined in (1) and (2), respec-
tively.
2. The solution with recursive integrals
N-fold convolution has a recursive trait in nature. We shall show in the

following theorem that the problem posed above can be reduced to the com-
putation of some simple recursive integrals.

Theorem 1. The n-fold convolution ™ (t) of exponential-sum distribution func-
tion f(t) defined in (1) can be calculated as
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A Z Z Z iy Oy O, €119, (1) (5)
mp=1 my= my=1

Correspondingly, the n-fold convolution F™ (t) of cumulative distribution function
F(t) can be calculated as

}jz D e, [ €0, (6)

my=1 my= m,=1

@,(2) can be recursively calculated using the following integrals:

t
%m=lfwfwwmww, (7)

Proof. Let us prove Theorem 1 by induction.

For n =1, f(¢) = f(t), and obviously Theorem 1 holds.

Assume Theorem 1 is correct for n = N. Let us check the situation when
n =N + 1. From the assumption, we have

=3 3 S e ) o

mp=1 my=

According to the definition in (3), we can calculate the N + 1-fold convolution
of f(¢) as follows:

,Wmmzl}wwﬂwmm

/ < Z Z zm: Oty Gy~ * “m‘vellm"vx(PN(x)>

mp=1 my= my=1
( E OCn7)\/+] ADWH = x)) d.x
my1=1
= O Oy =+ * Oy Oy €741
my %my my Ay |
my=1 my= my=1 my;1=1

t
x/ e 1) 10
0
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Let us define

t
(1) = / e Um—ime g (x) dix. (11)

Substituting (11) into (10), we have

f(N+1 Z Z Z O{ml (Zm, "am‘\meiiml\rﬂtq)NH(t)' (12)

my=1 my= my1=1

Substituting (12) into (4), we acquire

t
PO =3 Y S e [ €@ (1)
my=1 my= my1=1 0
Therefore, for n = N + 1, Theorem 1 also holds. Thus, we have proved by
induction that for any n > 0 Theorem 1 is correct. [

Theorem 1 provides a concise solution for the n-fold convolution of expo-
nential-sum distribution functions. It is quite easy to program the solution with
a series of nested for-loops of equal sizes. The solution is not necessarily cheap
in cost, but it is simple in concept. If the number of exponentials m in (1) is
small, we may directly use Theorem 1 to obtain analytical solutions. For in-
stance, if m =1, then 4, =4, ¢,(t)=¢""/(n—1)! and f"(¢) = ot e h!/
(n — 1)!. This is the standard solution of the n-fold convolution of one-expo-
nential distribution functions, presented in many textbooks [2].

If m > 1, we have to consider separately the situations for m, | = m, Vvs.
m,_1 # m, in evaluating ¢,(¢ f e Ut (x)dx for n > 1. Because
@, (t) is recursively evaluated, we would have to use 2! separate expressions to
represent ¢, (¢). Thereby, it is necessary to reconstruct e~ ma =)' into some
simpler equivalent function forms, so that the separate expressions of ¢,(¢) can
be avoided.

Let us define

s={o miw 19
and

By = 0n+ 2my = - (15)
The complement of J, is J,. Then, we have

=V e
and

17 my_| = my,

= . 17
" { /’Lmn,l = Ay m,_ 7é my,. ( )
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Consequently, we have the following equality for n > 1:
e — (Jm, , = Jmy)t = 0y + 8,8 — Bot. (18)

Substituting (18) into (7), we obtain the following reconstructed recursive in-
tegrals:

Pu(t) = /0’(5n + 0,67 ), 4 (x)dx, n>1 (19)

plus the base case (8).

Therefore, we have reduced the problem of computing the n-fold convolu-
tion of exponential-sum distribution functions to solving the recursive integrals
(19) and (8).

Next, we discuss two different schemes to solve the recursive integrals.

3. Solution of the recursive integrals by direct integration

The recursive integrals (19) and (8) can be solved straightforwardly by direct
integration, using either numerical integration or symbolic integration software
packages, such as Maple. For a specific problem with a known exponential-
sum distribution function, Maple-like symbolic software packages can generate
nice analytical solutions for the recursive integrals with some simple coding.
However, Maple-like software packages are not smart enough to recognize the
solution pattern for the general problem we are discussing here. As a matter of
fact, Maple-like solutions are more or less messed up. Consequently, we shall
take direct integration by hand to solve the recursive integrals.

Examining the recursive integrals, we can find that the functions in the re-
cursive integrals has the form of >, ax™e "*, where, a; and b; are arbitrary
constant real numbers, and m; are non-negative integers. Such integrations are
guaranteed solvable. The following are sample solutions of the recursive
integrals for some small n values

(Pl(t):L
alt) =t + s (e 1),
. 5253 B 5253 5253 B 5253

OO = T T Chy ORI B (B
% 2 5253 —pt 5253 —pat
2 ! +(—ﬂ3)’i R
9293 —Bat 0203 —Bst 1 =Bt _
hrS TR {[—(ﬁ3+ﬁz)]e <—ﬁ3>}
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Clearly, the analytical solutions of the recursive integrals quickly become ex-
tremely complicated with the increase of n. It is difficult to identify the general
solution pattern from these sample solutions.

If the goal is to only compute the n-fold convolution, it may be sufficient to
use the solutions of the recursive integrals by the direct integrations with the
help of Maple-like symbolic integration packages. However, it is often desir-
able to obtain the general solution pattern of the recursive integrals, so the n-
fold convolution can be performed more efficiently, such as as a part of sci-
entific and engineering models. Below, we use Laplace transform technique to
solve this problem.

4. Solution of the recursive integrals with Laplace transform

Let us define the Laplace transform of the nth order recursive integral as
ga(8), L.e.

&u(s) = Lo, (1)), (20)
where L represents the operation of forward Laplace transform. We summarize
the general pattern of the Laplace transform of the recursive integrals in the
following theorem.

Theorem 2. The Laplace transform of the recursive integrals expressed in (19)
and (8) can be arithmetically expressed by the following formula:

1 2! ’f:l 521 551

gu(s) =— Z ,1HH Ll ;o n>1, (21)
Sr= | (s + > bikﬁnkarl)
1

gl(s):;, }’l:l7 (22)

where, b;; is a bit number, either 1 or 0, and l_),-j is the complement of by, i.e.
Bij = 1 — b,‘j.

Proof. Let us prove Theorem 2 by induction.
Obviously, for n =1 and n = 2, Theorem 2 is correct. Let us assume the
theorem is correct for n = N, so, we have

N-1 N—1 ¢bij <bij
(s) 71 zz: Hj:l 5N—,/+15N—/+1 (23)
&N B s 4 N-1 J 7 ’

i=1 Hj:] S+ e baByin

From (19), we have

t
Py (t) = / (On41 + Oysie M%)y (x) dx. (24)
0
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Taking Laplace transform operation to (24), we have

anii(s) = §{5N+1gzv(s) + Ona1gn (s + By i)} (25)

Substituting (23) into (25) and making relevant rearrangement as follows:

N N-1cby s
gn+1(s) 1Y o ZNZ:I [l O 10 1
M) s N-1 T
=t 1= (S+Zk:1bikﬁN—k+l>
N V-1 N—1 ¢b; <b;
i Nt N H/‘:l 5NLJ.+15N/7]_+1
s+ By 5 vagll (S+ﬁN+1+Z£=1l_7ikﬁN7k+|>
:l i 511\/+1571(i/+15f\/’1553\/’15;}‘271g§7\}2,1";5’27"\”15;}1\"1 i
S| = (5+0By1)(s+ 0By +0uBy) - (s+0Byiy +0u By + 0By + - +div-185)
2.’\’—1 50

B Y L e S |
(s 1By1) s+ 1By +0uBy) - (s+ 1y +0u By +0aBy_1 +-+ow-1,)

Extending the dimension of matrix {b;} from 2¥~' x (N — 1) to 2V x N, and
rearranging b;; and the corresponding b;; in the above Laplace transform, we
have
(N+1)—1 (N+1)—1 ¢bjj <bij
(s) = l ’ Z Hj:l 5(1\,/+1)7j+15(26+1)71+1 (26)
v s 4 (N+1)-1 J 7 '
i=1 Hj:l s+ by -ks1

Therefore, for n =N + 1, Theorem 2 is also correct, and we have proved
Theorem 2 by induction. [J

Now, we need to determine the matrix {b;;} for the Laplace transform of the
nth order recursive integral. Let us use Bn to represent the matrix, i.e.

Bn = {by},, (27)
and Bn to represent the complement of B, i.e.
Bn={1-b;},. (28)

Let us define Bn[i] as the ith row of the matrix Bn and treat it as a binary integer
number, and then Bnli][j] will be the bit number of b;;. Examining the Laplace
transform of recursive integrals, we can find the pattern of Bnli]

Bnli + 1] = Bn[i] — 1, (29)

Bn[l]=11...1. (30)
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Correspondingly, we have

Bnli + 1] = Bnli] + 1, (31)
B,[1]=00...0. (32)

This pattern is not surprising at all. The row number of the matrix corre-
sponds to the term number in the Laplace transform. In each term, J;
(i=n...2) in (21) will be either alive (present) or dead (absent). Therefore,
Bnli] is just representing the possible combinations of J, ..., which are either
alive or dead. Because each J; has two possibilities, the product of all §;’s will
have 2"~ possibilities. That means the total terms in the Laplace transform
(21) and the total rows in the matrix Bn (27) will both be 2"~!. For instance, in
term 1 of the Laplace transform or row 1 of the matrix Bn, 9, ... d, are all alive,
and Bn[l] = 11...1; in term 2"~! of the Laplace transform or row 2"~! of the
matrix Bn, 6, ...0, are all dead, and Bn[2""'] = 00...0. Going from row i to
row (i + 1), the combination of the states of J,...J, differs by one. We may
write a simple program to compute the matrices Bn and B,. Fig. 1 shows a
summary of a c-like code fragment for such computation.

To this point, we have completed the pattern recognition of Laplace
transform of the recursive integrals. In order to acquire the general analytical
solution of the recursive integrals, we also need to calculate the inverse Laplace
transform of (21). The inverse Laplace transform can be easily solved from
inverse Laplace transform pairs [3]. However, the inverse Laplace transform
pairs require that all the same factors in the denominator of each term in (21)
must be combined together. Using the above algorithm to calculate Bn, we can
write out the expression of each denominator of (21). Some denominators
corresponding to their term numbers are shown in Table 1.

We can also write a piece of code to do the symbolic calculation to obtain
the expression of each denominator.

B [l]=11..1;
for (i=2; i<=2""1; i++)
B [i]=B, [i-1]-1;
for (i=1; i<=2"" ; i++)
for(j=1; j<=n-1; j++)

{
_bl»j=B,,[i]U];
b.=;1-b.;
ij ij
}

Fig. 1. A C-like code fragment to compute matrix Bn and Bn.
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Table 1
Sample expressions of denominators
Term no. i Bnli Expressions of denominators
1 00...0000 "
2 00...0001 s (s + B,)
3 00...0010 s 2(s+ f,)’
4 00...0011  s"2(s+ B3)(s + B + B,)
5 00...0100 §"3(s+B,)’
6 00...0101 S” 3(v+ﬁ4)2(5+/34 + B,)
7 00...0110 5" (s + B)(s + B + By)°
8 00...0111 5" (s + B)(s + By + B3) (s + By + B3 + )
22 011111 S (s + )5+ ot + Bua) - (5 + By + B+ + )
2241 10...0000 (s + B,)""
2242 10...0001  s(s+ B,)" (s + B, + B2)
2243 10...0010 s(s+B,)" s+ B, + B)°
22 4 4 10...0011  s(s+B8,)" (s + B, + B3)(s + B, + S5 + )
27245 10...0100 s(s+B,)" s+ B, + B’
27246 10...0101  s(s+B8,)" (s + B, + Ba) (s + B, + u + B2)
2247 100110 s(s+ B,)" s+ B, + Ba)(s + B, + Ba+ By)’
2248 10,0111 s(s+ B,)" (s + B, + B s+ B, + By + B3) (s + B+ Bs + B+ B>)
ot 1L A1 s(s+ )5+ By + Bust) (5 + By + By + Bua) - (s + B, + By +
Biat -+ Ba)

By combining the same factors in each denominator of (21), the Laplace
transform of the nth order recursive integral can be re-expressed as follows:

on—1 n 1517,7 513;/

=1 “n—j+1"n—j+l1
Z ACESE 9

For different values of j in a given denominator 7, have different expressions,
which can be determined from Table 1. v;; are integer numbers, which can also
be determined from Table 1.

The inverse Laplace transform of (33) will be the solution of recursive in-
tegrals. Thus, we have

21— 15 b” 1
Z H n j+1 n j+l W ) (34)

j=1

where L™ represents the operation of inverse Laplace transform. As the result,
we have reduced the problem to solving the inverse Laplace transform of
1/ Hf:l (s + y,-j)””. These types of problems have been solved in [1], which we
will not repeat here.
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5. Solution of the n-fold convolution with Laplace transform

After solving the recursive integrals with Laplace transform, we now pro-
ceed to solve the n-fold convolution of exponential-sum distribution functions.
Substituting (34) into (5), we obtain

— At
E E E Oy Xy * © Oy, €

my=1 my= my=1
21 p—1 1
X Sh . 35
2 Lossds l f_1<s+y,-,>~] o)
Taking Laplace transform of (6), we have
m 1 .
=3 3 S o il )
mp=1 my= my=1

For n > 1, substituting (33) into the above equation, we obtain

m on—1 n—1 ¢bij hij

oD D DI S

my %my my 7 A N vy
Py} SH/:1(S + Aom, + 735)

mp=1 my= my=1

Taking inverse Laplace transform of the above equation, we obtain the fol-
lowing formula to calculate F")(¢):

F(”)(t) — Zm: Xm:"'zm:amlamz"'“m,,

my=1 my=1 my,=1
2l p—1 1
80 36
X Z H n— /+1 n j+1 SH[J (S + )Lm,, ¥ yij)v,_, ( )
The computation of L™[1/{sT]’_,(s + Au, +7;;)"}] follows the same line as

that of 1/, (s +7;)" at the end of Section 4, and similar solutions can be
found in [1].

6. Conclusions

A simplified general analytical solution of the n-fold convolution of expo-
nential-sum distribution functions has been developed. The solution has been
expressed by some recursive integrals. These recursive integrals are recon-
structed with a series of delta functions to avoid separations of integrations.
The recursive integrals can be solved analytically by direct integrations, or with
Maple-like symbolic software packages, or by Laplace transform technique. A
general analytical solution of the n-fold convolution of exponential-sum
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distribution functions with Laplace transform technique has been presented in
detail. This solution is easy to understand conceptually, and simple to imple-
ment with computers.
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